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Motivated by field and laboratory observations of unusual wave propagation, we investigate
the behavior of simple model problems involving transport with competitive adsorption of H+

and a metal cation. In the absence of diffusion/dispersion, the model problem yields two shocks
with the velocities expected from classical theory. In the presence of diffusion/dispersion, the
solution exhibits an additional feature, a pulse of metal ion concentration that moves rapidly
and independently of the metal ion shock. This “fast wave” is associated with the pH shock in
the simplest model problem studied here. Theoretical analysis of this problem yields a jump
condition which numerical experiments confirm. Diffusion/dispersion is prerequisite for this
phenomenon: it causes a flux of metal cation through the pH shock while the two fronts are
near each other. One practical implication of this finding is the importance of accurate handling
of diffusion and dispersion in numerical simulation of reactive transport problems. Another is
that estimates of species migration based on simple theory, such as retardation factors, may
fail to capture important features of the actual behavior.

1. Introduction

Prefatory Remarks by S. Bryant. Reactive trans-
port through porous media is but one of many areas of
science and engineering to which Prof. Robert Schechter
has made notable contributions. Having been privileged
to work under Prof. Schechter’s supervision, I would
venture that the aesthetic appeal of reactive transport
has been at least as important a motivation for him as
its numerous practical applications.

Chemical interactions between a flowing phase and
a stationary phase give rise to remarkably rich behavior.
For example, reactive transport applications are among
the few in which it is possible to get something for
(almost) nothing. One can inject a fluid containing a
species at a concentration CJ into an appropriate porous
medium initially containing a solution with that species
at concentration CI and extract from the medium (for a
limited time) a fluid with species concentration exceed-
ing both CJ and CI. The modern-day ubiquity of chro-
matographic columns has perhaps dulled our apprecia-
tion of what would have been regarded a miraculous
separation process in the not-too-distant past. Also,
there is an element of beauty in the mathematics that
underlies reactive transport, from the method of char-
acteristics to the hodograph space of Rhee et al.

That so much can spring from so littlesa couple of
one-dimensional mass balance equations and a few
chemical equilibrium expressions sufficesis remarkable.
A mixture of wonder and serendipity stimulated the
work described below, and knowing that mixture to be
entirely characteristic of Prof. Schechter’s approach to
research, my colleagues and I are delighted by the
opportunity to include it in this celebration. We hope
that it serves to highlight an area in which Prof.
Schechter has made enduring contributions and that it

is a worthy echo of his own appreciation of another
towering figure in reactive transport, Prof. Neal Amund-
son.1

2. Motivation

We explore some mathematical and physical aspects
of a fast-moving concentration peak that is distinct from
the concentration fronts expected from classical theory
of flow with sorption reactions. First, we illustrate the
fast-wave phenomenon in a simple chemical system
drawn from the field. The field application involved
dozens of aqueous chemical species, several of which
adsorbed to multiple substrates according to a sophis-
ticated two-layer surface complexation model.2 Thus,
after reviewing the underlying mathematical frame-
work, we examine successively simpler versions of the
problem in order to elucidate the fast-wave behavior.
Then, we return to the first illustration and examine
the influence of initial and boundary conditions on fast-
wave existence.

The original motivation for this work arose from
simulations of metal cation migration through an
aquifer from a high-pH source. The simulations showed
a “hot spot” of metal ion moving at close to groundwater
velocity. Given the strong affinity of the ferrous oxyhy-
droxide minerals in the aquifer for the cation at high
pH, the metal was expected to remain in the immediate
vicinity of the source for millenia. However, the unex-
pected hot spot turns out to be consistent with field
observations showing significant migration within de-
cades.3,4

Figure 1 illustrates this phenomenon in a simplified
version of this problem. In this example, the strontium
cation sorbs on a substrate S according to the reaction
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Sr2+ + S f S-Sr+ + H+ (1)

H+ + S f S-H+ (2)
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with simple mass action equilibria for both reactions.
The computed concentration profiles of Figure 1 are at
a time shortly before one pore volume of fluid has
entered the medium, as the location of the tracer front
indicates. The initial pH in the medium is 6 (i.e., [OH-]
) 10-8 M), and the initial Sr concentration is taken to
be 10-9 M. A solution containing [Sr2+] ) 10-4 and pH
) 11 ([OH-] ) 10-3) is injected at the inlet (distance )
0). The strontium shock moves slowly in this example
and induces a small drop in pH, associated with the
displacement of H+ from the substrate. Downstream of
this front is the pH shock, marking the consumption of
sorbed H+ by the incoming hydroxyls. The two fronts
satisfy expectations of classical theory outlined below:
the concentration velocities for H+ and Sr2+ decrease
in the downstream direction, so that shocks form, and
the shock velocities satisfy the jump conditions derived
from mass balances across the shock. Far ahead of both
shocks, moving almost at tracer velocity, is a peak of
Sr. In this example the maximum concentration in the
fast-moving pulse is about 1% of the inlet Sr concentra-
tion. The pulse induces a small decrease in pH, too small
to be visible in this plot, corresponding to H+ displaced
from the substrate. The velocity of the pulse reflects the
large concentration velocity (99.7% of fluid velocity) of
the strontium cation at pH 6. This high velocity moti-
vated the term “fast wave”, which we adopt for conven-
ience in this paper, though it will be seen that a more
descriptive term might be “dispersion-induced wave”.

Flow of uranium-bearing solutions through bench-
scale porous media shows analogous behavior under
certain conditions.5 For most cases, the uranium cation
propagates in a classical manner, but at high injected
concentrations, a relatively fast peak arises (cf. Figure
6d of ref 5). This was attributed to interaction between
the cation and H+, because the cation concentration was
high enough to affect pH in an unbuffered system.
Barthelds6 reported a similar phenomenon during injec-
tion of polymer solutions into porous media containing
a second, immiscible fluid phase. A pulse of polymer at
a concentration greatly exceeding the injected value
reaches the exit of the porous medium rapidly. This
behavior was attributed to competition between adsorp-
tion and excluded pore volume (pore space through

which water but not polymer molecules can flow). It thus
differs mechanistically from cation migration. Neverthe-
less, the similarity is intriguing and raises questions of
whether a more general class of such phenomena may
exist.

3. Mathematical Description

We describe flow with competitive adsorption of
solutes on a substrate by means of a mass balance for
chemical species. In the general case it is convenient to
write the mass balances in terms of a basic set of
chemical components. This set is the smallest one from
which all other species in the problem can be created
by means of chemical reactions (cf. ref 7). In this case
the accumulation term includes species in the flowing
as well as in the stationary phases:

where φ is the porosity of the porous medium, Ci,tot is
the total concentration of component i (sum of stoichio-
metric contributions from all species in all phases), Ci,aq
is the total flowing phase concentration of component
i, u is the Darcy velocity field, D is the diffusion/
dispersion tensor, and qi is the net source/sink term.
We assume that all reactions are at thermodynamic
equilibrium. The equilibrium reactions impose relations
between species concentration which can be written as
a set of algebraic equations.

Classical chromatography is a specialization of (3) to
a single class of reactions, adsorption/desorption, for
constant velocity flow in a single spatial dimension in
the absence of diffusion/dispersion:

where Ci,tot ) Ci + Zi, with Zi being the concentration
of species i adsorbed on the substrate in moles per unit
pore volume. The equilibrium relations for these reac-
tions often take the form of Langmuir isotherms which
determine the sorbed species concentrations as continu-
ous, differentiable functions of the flowing phase con-
centrations:

where Ztot is the total concentration of adsorption sites
on the substrate, Ki is an equilibrium constant measur-
ing the affinity of species i for the substrate, and W is
given by

The total concentration of sites is also known as the
adsorption capacity of the substrate, and we have

where Z0 is the concentration of vacant sites.
These equations were first treated by De Vault8 and

later by Rhee et al.9 and Helfferich and Klein,10 among
others. The concept of concentration velocity arises
naturally from this hyperbolic system. The mass balance

Figure 1. Concentration profiles during simulated injection of a
pH 11 solution containing 10-4 M Sr and a conservative tracer
into a porous medium initially at pH 6 which yield a dispersion-
induced wave of Sr. This wave moves rapidly, almost at interstitial
fluid velocity, as indicated by the location of the tracer front. The
slower-moving pH and Sr shocks, located at d ) 275 and 50,
respectively, behave as expected from classical chromatography
theory. The sorption reactions (1) and (2) satisfy mass action
equilibrium expressions with KSr ) 10-3.34 and KH ) 108.53.

φ
∂(Ci,tot)

∂t
+ ∇(Ci,aqu - D∇(Ci,aq)) ) qi (3)

φ
∂(Citot)

∂t
+ u

∂(Ci)
∂x

) 0 (4)

Zi ) KiCiZtot/W (5)

W ) 1 + ∑
i

KiCi (6)

Ztot ) ∑
i

(Zi) + Z0 ) constant (7)
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equation can be rearranged to

and using the chain rule, one finds

where v ) u/φ is the interstitial velocity. One simple
wave arises for each sorbing species. The simple wave
is a shock if the concentration velocity decreases in the
direction of travel and a rarefaction otherwise. When a
shock arises, the differential mass balance is not well-
defined, and an integral mass balance can be written
across the shock:

where ∆ indicates the jump in a quantity across the
shock, N is the number of sorbing species, and vshock is
the velocity of the front.

4. Model Development

The classical theory of chromatography outlined above
does not admit the fast-wave phenomenon. A simple
model problem that exhibits this behavior differs from
the system (4)-(6) in two ways: the presence of diffu-
sion/dispersion and the sorption of protons. Rhee et
al.11,12 examined the effect of dispersion in (4)-(6) and
found the same global behavior as that in the absence
of dispersion: a shock becomes a continuous variation
that approaches a constant pattern moving at the shock
speed. The mass balance for protons is nonlinear in
proton concentration, however, and this proves to be an
important difference.

To illustrate these differences, consider a competition
for adsorption sites on a substrate S between protons
H+ and a cation denoted M+:

The equilibrium expressions for these sorption reac-
tions are taken to be the standard Langmuir type, (5)
and (6). The dissociation of water imposes an equilib-
rium relationship between the concentrations of proton
H+ and hydroxyl anion OH-:

where Kw is the dissociation equilibrium constant for
water.

The mass balance equation for the metal component
reduces to

The mass balance for protons must account for water
dissociation and becomes

The quantity CH - COH is the acidity for this simple
system.13

We impose Riemann boundary conditions on this
system. At the inlet we have used both Dirichlet and
Robin conditions and find no essential differences in the
behavior. The initial state of the medium is at low pH
(CH ) 10-3) and background levels of metal ion concen-
tration (CM ) 10-12). The inlet is held at high pH (CH )
10-12) and relatively high metal concentration (CM )
10-13). Typical KH and KM are 104 and 103, respectively.
The value of Ztot depends on the porous medium. Here
it is taken to be of order 10-3 so that the shock velocities
are convenient.

Classical theory indicates two simple waves for this
problem, one for the proton and one for the metal ion.
An example of the numerical results obtained (Figures
2 and 3) shows that two such fronts do arise. The metal
front is a shock lagging the pH front, which is also a
shock. In addition to the expected metal front, a pulse
of metal concentration is visible in the concentation
profile of Figure 2. This pulse is the fast wave, so-called
because it moves much faster than the metal shock.

The fast wave evolves from a slight “kink” in the
metal front in the vicinity of the pH shock. This is visible
in Figure 3, where we have shown numerical solutions
for metal and pH in the neighborhood of the pH front
at early time. The metal front is beginning to separate
into two waves, one which will lag well behind the pH
front and the fast wave. The fast wave occurs over a
range of boundary conditions and equilibrium constants.
In this model problem the fast wave travels with the
pH shock, while in the example of (1) and (2), it travels
independently of the pH shock. The existence and
behavior of this pulse are the subject of the numerical
and theoretical sections to follow.

4.1. Theoretical Results. One further simplification
of the two-component model (14) and (15) facilitates a
perturbation analysis of the behavior. In the numerical
simulations, the pH front moves at essentially a con-
stant velocity. Thus, for the purpose of analysis we
eliminate the proton mass balance (15) from consider-
ation by assuming the pH front moves at velocity a <
1, with CH ) 0 to the left of x - at ) 0 and CH ) 1 to
the right of x - at ) 0. For convenience we also set KH
) 10, KM ) 1, Ztot ) 1, φ ) 1, and u ) 1. This
simplification yields a single-component problem ex-
pressed in terms of the metal concentration c:

∂Ci

∂t
∂Ci

∂x

) - u
φ( 1

1 +
∂Zi

∂Ci
) (8)

vCi
) (dx

dt)|Ci

) v

1 +
∂Zi

∂Ci

(9)

∆Z1

∆C1
)

∆Z2

∆C2
) ... )

∆ZN

∆CN
) v

vshock
- 1 (10)

M+ + S f S-M+ (11)

H+ + S f S-M+ (12)

COH )
Kw

CH
(13)

φ
∂(CM + ZM)

∂t
+ u

∂CM

∂x
- D

∂
2CM

∂x2
) 0 (14)

φ
∂(CH - COH + ZH)

∂t
+ u

∂(CH - COH)
∂x

-

D
∂

2(CH - COH)

∂x2
) 0 (15)

∂(c + z)
∂t

+ ∂c
∂x

- D ∂
2c

∂x2
) 0, x > 0, t > 0 (16)
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with

and

where

The key feature of this single-component model problem
is the influence of the discontinuity in the sorbed
concentration z at x - at ) 0.

To analyze the behavior of (16), we first consider the
related problem

in which the Heaviside function H captures the qualita-
tive behavior of the discontinuous sorbed concentration.
The perturbation analysis starts by replacing H by a
smooth approximation Hε(x - at) ) ψ(η), where η ) (x

Figure 2. Fast-wave behavior for model system (14) and (15) in which protons and a metal ion compete for sorption sites. At a Peclet
number of 100, the metal concentration (solid) exhibits a shock at x ) 40 and a fast wave associated with the pH shock (dashed) at x )
68.

Figure 3. Formation of the fast wave for the two-component model (14) and (15). At early time the metal profile (solid) shows a kink at
the shock in proton concentration (dashed), which evolves into the fast wave.

c(0,t) ) 1, t > 0 (17)

c(x,0) ) 10-12, x > 0 (18)

z ) { c
1 + c

x < at

c
11 + c

x > at
(19)

∂(1 + H(x - at))c
∂t

+ ∂c
∂x

- D ∂
2c

∂x2
) 0 (20)
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- at)/ε and ε > 0 is small. Thus, (20) becomes

Near x ) at, we expand c:

which gives

Substituting into (21), we find

Collecting terms of order ε-1 gives

or

Because the solution c is classical for x < at and x > at,
this implies

Thus, the discontinuity in the accumulation term im-
poses a relation between the velocity of the discontinu-
ity, the concentration profile, and the dispersive flux in
the vicinity of the discontinuity.

Returning now to (20), we write

Repeating the procedure above, we find for the single-
component problem that

Thus, the effect of the pH shock is to induce a discon-
tinuity in the metal concentration gradient. The conse-
quent jump in the dispersive flux of metal ion at the
pH shock balances the rate at which metal must be

supplied to advance the upstream sorbed concentration.
Because g(c) is negative, a metal concentration profile
that decreases as it approaches the shock must increase
downstream of the shock. The kink in the profile, and
hence the fast wave that evolves from it, is therefore a
consequence of the pH shock in the presence of disper-
sion.

4.2. Numerical Results. A numerical approximation
of the single-component problem (16) was implemented,
and from this model we checked the condition (32)
numerically. Figure 4 shows plots of the numerical
solution in a neighborhood of the point x ) at at various
times. These figures demonstrate the formation of a
kink in the solution, with the slope of the function on
either side of the kink varying according to (32). In these
runs, we took D ) 1.0 and a ) 11/13. The quantity on
the left side of (32) was also computed numerically at
each time and was found to be on the order of 10-5.

We then implemented a numerical approximation to
the two-component model (14) and (15) in order to study
its fast-wave behavior in more detail. The approxima-
tion is based on a simple finite difference scheme. We
divide the interval 0 e x e L into J intervals 0 ) x1/2 <
x3/2 < ... < xJ+1/2 ) 1 and choose a time-step ∆t > 0. On
each interval [xi-1/2, xi+1/2] and each time step tn, we
approximate CM and CH by constants CM,i

n and CH,i
n . The

finite difference discretization of (14) is then

where

and

An equation similar to (33) is used for CH,i
n . These

coupled nonlinear equations are solved using Newton
iteration. The same approximating scheme was used to
solve the one-component model (16).

An interesting feature of the fast wave is its behavior
for different Peclet numbers. In a representative case
the initial state of the medium is CH ) 10-3 and CM )
10-13. The inlet is held at high pH (CH ) 10-12) and
relatively high metal concentration (CM ) 10-3). The
values of KH and KM are 104 and 103, respectively, Ztot
) 10-3 and Kw ) 10-14. In Figure 5, we plot the
approximation to CM for D ) 0.1 and L ) 100, at time
t ) 80. Two different solutions are plotted to show the
effect of grid refinement, one with 1600 subintervals (J
) 1600) and one with 3200 subintervals. For compari-
son, we have plotted the same solution for D ) 0.01 in
Figure 6. Note that the width and height of the fast
wave decrease as D decreases, indicating that the
characteristics of the wave are functions of diffusion/
dispersion. In fact, as D f 0, the fast wave slowly

(1 + Hε)
∂c
∂t

+
∂Hε

∂t
c + ∂c

∂x
- D ∂

2c
∂x2

) 0 (21)

c(x,t) t u(η,t) ) u0(0,t) + εu1(η,t) (22)

∂c
∂x

)
∂u1

∂η
(23)

∂
2c

∂x2
) 1

ε

∂
2u1

∂η2
(24)

∂c
∂t

)
du0

dt
- a

∂u1

∂η
+ ε

∂u1

∂t
(25)

(1 + Hε){du0

dt
- a

∂u1

∂η
+ ε

∂u1

∂t } - a
ε

ψ′{u0 + εu1} +

∂u1

∂η
- D

ε

∂
2u1

∂η2
) 0 (26)

aψ′u0 + D
∂

2u1

∂η2
) 0 (27)

aψ(η) u0 + D
∂u1

∂η
) constant (28)

D{∂c
∂x

(at+,t) - ∂c
∂x

(at-,t)} + ac(at,t) ) 0 (29)

c + z ) c + c
1 + c

+ { c
11 + c

- c
1 + c}H(x - at) (30)

t f(c) + g(c) H(x - at) (31)

D{∂c
∂x

(at+,t) - ∂c
∂x

(at-,t)} + ag(c(at,t)) ) 0 (32)

∂t(CM,i
n + ZM,i

n ) + u ∂x
u CM,i

n - D ∂x
2 CM,i

n ) 0 (33)

∂tg
n ) gn - gn-1

∆t
(34)

∂x
u gi )

gi - gi-1

xi+1/2 - xi-1/2
(35)

∂x
2 gi )

gi+1 - gi

xi+1 - xi
-

gi - gi-1

xi - xi-1

xi+1/2 - xi-1/2
(36)

ZM,i
n ) Z(CM,i

n ,ZH,i
n ) (37)
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vanishes under grid refinement, as seen in Figure 7.
The fact that it appears at all when D ) 0 is an effect
of numerical diffusion. Under Riemann boundary condi-
tions, the metal and pH shocks coexist at the inlet at

time zero. Only an extraordinarily refined finite differ-
ence solution will resolve the two shocks at early times,
and thus typical numerical solutions will artificially
smear the profiles.

Figure 4. Numerical solution near x ) at for single-component model (16). The solution satisfies the independently derived jump condition
(32). The kink in the metal concentration profile becomes more pronounced as the pH front advances.

Figure 5. Numerical solution, log(CM) vs x for D ) 0.1 at t ) 80. Doubling the grid resolution reduces the contribution of numerical
dispersion to the mass in the fast wave.
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5. Discussion

The theoretical and numerical findings above il-
lustrate a novel feature of the chromatographic problem
that occurs over a range of boundary conditions and
chemical systems. Although rigorously established nec-
essary and sufficient conditions for the fast wave are
not yet available, the examples presented here share
two salient features. One is competitive sorption, so that
increasing the concentration of one cation decreases the
sorbed concentration of the other. This causes the
concentration velocity of one cation to increase as the
concentration of the other cation increases. The second
feature is that the pH front is a shock with a higher
concentration of H+ downstream. This is peculiar to H+

and is a consequence of acidity being the transported
quantity in the proton mass balance (15). We have
constructed other competitive sorption systems not
involving protons that exhibit these features, and the
fast wave arises in these cases as well.14

Regardless of the sorption chemistry, nonzero diffu-
sion/dispersion is necessary for the fast wave to arise.
In the examples presented here, the jump condition for
the metal ion concentration, (32), degenerates in the
absence of dispersion. Furthermore, the two shocks of
pH and metal concentration satisfy the zero-dispersion
mass balance equations. The fast wave is thus es-
sentially a consequence of dispersion; it does not exist
in the absence of dispersion, as demonstrated numeri-
cally in Figure 7.

The character of fast waves reflects the details of the
sorption reactions. In the simplest chemical system (11)
and (12), the fast wave travels with the pH shock. The
sorption reactions (1) and (2) are slightly more complex,
with the proton concentration appearing explicitly in the
metal sorption reaction. In this case the fast wave
travels independently of the pH front, as seen in Figure
1. Still more complex sorption reactions, e.g., accounting
for contributions of surface charge [2], exhibit fast waves
similar to that of Figure 1.

The initial conditions also influence the existence and
behavior of the dispersion-induced wave. In the chemical
system of (1) and (2), the dilute concentration velocity
of metal ion depends strongly on pH. In the chemical
system of Figure 1, the inlet conditions produce a peak
that propagates very rapidly (99.7% of tracer velocity)
ahead of the pH front, where the pH is at its initial
value of 6. When the initial pH is 7, the dispersion-
induced wave is broader, exhibits a smaller peak
concentration, and does not propagate as rapidly, Figure
8a. This is consistent with the lower metal concentration
velocity (79% of tracer velocity) at pH 7. When the initial
pH is 8, the metal concentration velocity is much lower
(4.6% of tracer velocity) and no dispersion-induced wave
can be sustained (Figure 8b).

These considerations suggest an empirical explana-
tion for the existence of the dispersion-induced wave.
For Riemann boundary conditions, both the pH shock
and the metal shock coexist at the inlet at time zero.
For some period of time, until these shocks are suf-
ficiently separated, dispersion can transfer the metal
cation into the lower pH region ahead of the pH shock.
Once there, the higher concentration velocity ensures
that the metal concentration propagates as a separate
entity. In the absence of dispersion, there is no mech-
anism for establishing the metal ahead of the pH front,
and no fast wave is possible.

If dispersive flux of the metal across the pH front is
the mechanism for generating the fast wave, then the
wave should weaken if the pH front is initiated farther
from the metal source (the high metal concentration
upstream of the metal shock). This prediction was tested
numerically in the following manner. The initial condi-
tion of the medium was altered in a small region at the
inlet. This region was set at the same pH as the injected
solution but contained only background metal concen-
trations. Consequently, at time zero the pH front starts
not at the inlet but at the boundary between the altered
zone and the rest of the medium. Thus, the metal front
and pH front never coincide, as they do in the Riemann

Figure 6. Numerical solution, log(CM) vs x for D ) 0.01 at t ) 80. Compared to the higher dispersion case (D ) 0.1) of Figure 5, numerical
dispersion plays a larger role. The mass in the fast wave is considerably smaller than that in the higher dispersion case.
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problem, and there should be less flux of metal into the
region ahead of the pH front.

Figure 9 illustrates this experiment for an altered
region extending 0.02 pore volumes (PV) into the
medium. The finite difference grid was spaced at 0.01
PV, ensuring numerical resolution of separate pH and
metal fronts. In the absence of dispersion, no metal can
move into the region ahead of the pH front. Thus, the
metal concentration profile exhibits only the classical
shock upstream of the pH front and then rises to the
value initially present in the medium. In the presence
of dispersion, however, a flux of metal ion is possible
across the gap between the metal and pH fronts. The
resulting concentration profile exhibits the fast-moving
peak. The larger the dispersion coefficient, the greater
the concentration of metal in the peak.

A similar conclusion follows from consideration of the
shock velocities. The slower the pH shock moves, the
longer the time before the dispersive flux from the metal
source into the region downstream of the shock is small.
Thus, the mass of cation in the fast-moving wave is
larger for slower pH shocks, and the peak concentration
may also be larger, depending on the degree of disper-
sion. Numerical experiments confirm this prediction.
Peak concentrations as high as 20% of the injected metal
concentration have been observed. The shock velocities
depend on both the initial conditions and the boundary
conditions and are inversely proportional to Ztot, the
total concentration of sites. Thus, the magnitude of the
fast wave is a complicated function of the chemical
system, the porous medium, the boundary and initial
conditions, and the level of diffusion/dispersion.

Figure 7. Numerical solution, log(CM) vs x for D ) 0.0 at t ) 80: 3200 (dotted), 9600 (dash-dotted), 20 000 (dashed), and 40 000 (solid)
grid blocks. The upper panel shows the entire concentration profile and the lower panel the detail around the fast wave. Numerical
dispersion in all but the highest resolution simulation is sufficient to induce the fast wave.
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The fast wave differs qualitatively from mixed waves
that are familiar from multiphase flow. The latter
typically comprise a shock trailed by a rarefaction and
occur for suitably complicated fractional flow curves (at

least one inflection point) and appropriate boundary
conditions. Exactly analogous behavior arises in the
reactive transport problem if the adsorption isotherm
contains an inflection point. The Langmuir isotherms
used in the examples presented above do not have
inflection points.

In any event, if the phenomenon were a consequence
only of the shape of the isotherm, it would occur
regardless of the presence/absence of dispersion. Mixed
waves exist independently of dispersion, whereas the
fast wave does not.

The existence of dispersion-induced waves has impli-
cations for various applications. Clearly an analysis of
a problem based on classical (zero-dispersion) theory
may neglect an important feature of the behavior.
Advection schemes which handle dispersion accurately
will be crucial for simulating the behavior of such
systems.

6. Conclusions

Classical chromatography theory explains the migra-
tion of sorbing species in terms of simple waves, the
character of which is determined by the concept of
concentration velocities. For certain problems involving
flow and competitive adsorption, a novel type of wave
arises which cannot be explained in classical terms. A
signature feature of this type of wave is the relatively
rapid migration of a concentration peak, hence the
informal name fast wave.

The necessary condition for fast waves is nonzero
diffusion/dispersion. The details of the chemical system
do not appear to be critical; the phenomenon arises for
very simple two-component systems as well as for
multicomponent systems with speciation reactions and
sophisticated sorption equilibria.

The physical basis of the fast wave is the diffusion/
dispersion of a sorbing species through a shock in the
concentration of another species that competes for
sorption sites. The diffusive/dispersive flux initiates a
fast wave if the species concentration velocity is suf-
ficiently high at the conditions prevailing downstream
of the shock.

Theoretical analysis of an idealized model problem
establishes a jump condition at the pH shock that the
sorbing species concentration profile must satisfy. Nu-
merical solutions satisfy this condition, and numerical
experiments for simple two-component (metal cation
and proton) sorption confirm the fundamental role of
diffusion/dispersion in this phenomenon.

The theoretical and numerical results are consistent
with field and laboratory observations of rapid cation
migration in the presence of large variations in pH. For
this class of problems, careful handling of diffusion and
dispersion is critical for accurate simulation of reactive
transport. Moreover, analysis based on classical theory
(which does not account for dispersion) or upon simpli-
fications of such theories (e.g., lumped retardation
factors) will fail to capture an important aspect of such
problems.
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Figure 8. Initial conditions in the porous medium influence the
behavior of the fast wave for the sorption reactions (1) and (2). (a)
Injection of a pH 11 solution containing 10-4 M Sr and a
conservative tracer into a porous medium initially at pH 7 yields
a smaller peak concentration that moves more slowly than when
the initial pH is 6 (cf. Figure 1). (b) When the initial pH is 8, the
metal concentration velocity is too low to maintain a fast wave.

Figure 9. The physical basis for the fast wave is dispersive flux
of metal across the pH shock, illustrated here by a numerical
experiment for the chemical system (1) and (2). Computed metal
concentration profiles are shown for different levels of dispersion
after 0.5 PV injection. The boundary and initial conditions are
identical with those for Figure 1, except that the medium extend-
ing 0.02 PV from the inlet initially contains a pH 11 solution
containing only background metal concentration. Thus, the pH
shock and metal shock are always separated by at least a 0.02
PV distance, whereas in the Riemann problem the two shocks
coincide at the inlet at time zero. The greater the dispersion
coefficient, the greater the mass of metal carried in the fast wave.
In the absence of dispersion the fast wave does not exist, because
there is no mechanism for moving the metal ahead of the pH front.
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