Homework set 7 — APPM5450, Spring 2010 — partial solutions

Problem 9.21: Suppose A € B(H) is such that
Re(z, Az) < 2al|z|[.
Prove that the solution x = z(t) of 2/(t) = Ax(t) satisfies
()] < e ||(0)]]-

Note: The book may have a typo — the bound seems off by a factor of two. Consider for instance
Az = 2ax, then z(t) = e2%2(0).

Solution: Set f(t) = ||x(t)||*>. Then

() = %(1‘, x) = (2, z) + (z, 2') = (Az, z) + (z, Azx) = 2Re(z, Az) < dal|z(t)]|* = 4af(t).

By the Gronwall inequality, we find

t
lz(®)|[> = f(t) < f(0) eXp(/O dads) = f(0) ' = |[z(0)]]* "
Extract the square root to obtain the desired bound.

Problem 9.22: Let A be compact and non-negative. Prove that there exists a unique compact
non-negative operator B such that B? = A.

Solution: Since A is self-adjoint and compact, there is an ON-basis (¢,,)22 ; of eigen-vectors of A.
Ay = Ay pn. We know |A,| — 0 since A is compact, and A, > 0 since A is non-negative.

Existence: Set B = Y77 | v/An P, where P,z = (¢n, ), ¢p. It is easily shown that B? = A and
that B is compact and non-negative.

Observe that from the construction of B, it follows that if 1 is a vector such that Ay = A1, then
By = V.

Uniqueness: Suppose that C' is a non-negative compact operator such that C? = A. We need to
show that C' = B, where B is the operator constructed above. Since C' is compact and self-adjoint,
there is an ON-basis (¢,)72; such that C'v,, = puy, 1,. Now observe that

Awn = 02 wn = C(Nn 1/}71) = Niwn
so 1, is an eigenvector of A with eigenvalue p2. It follows that By, = \/u2 n = pin n = C 1y,
(We know that /2 = p, since C' must be non-negative, which implies that u, > 0.)
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Problem 1: Consider the Hilbert space H = C". Let A € B(H), let (e (J)) ', be the canonical
basis, and let A have the representation

ail a2 -+ Qip
az1 a2 -+ Q2
A=
anl anp2 - Qpn
in the canonical basis. We define the Hilbert-Schmidt norm of A as

1/2

n /

— E ]2
||A||HS = |al]|
ij=1

(a) Let (w(j))?zl be any ON-basis for H. Show that ||A||%g = Z | A2,
j=1

(b) Show that [|A|| < ||A|lus < /n||A|| for any A € B(H).
(c) Find G, H € B(H) such that ||G||us = ||G|| and ||H||lus = v/n||H||.

Solution:

(a) Let r(® denote the i’th row of A. Then

n

DAV = ZZH ), 6| = {Parseval} = ZHT’)HQ—HAHHS

J=1 j=11=1 i=1

(b) For any x a simply application of Cauchy-Schwartz yields
| A||? = ZH Ol= z”: P11 2l = 11 Allfis ]
i=1
It follows that ||A|| < ||A||ms. Next, let i be such that ||r®|| = max;|[r()||. Then
1Alfhs = zn: PPN < n[lr@]? = n||A*e|* < n||A%[] = n||All,

=1
where e; denotes the ¢’th canonical basis vector.

(c) For instance, let G' be the matrix consisting of all ones, and let H be the identity matrix.



Problem 2: Let H be a separable Hilbert space, and let A € B(H).

ON-basis (go(j));?‘;l such that

Y AD? < oc.
j=1
Prove that if (w(j))?L is any other ON-basis, then

D lIALD|P = [l agW2.
j=1 j=1
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Suppose that H has an

Solution: Set
and
Bir = (A* w(i)7 ¢(k)) — (¢(i)’ Alﬁ(k))

The proof consists of four applications of Parseval:

Sl =30 fol? = Yo A" w1 = 303 8P
j=1 i=1

j=1i=1 i=1 k=1

=> Il
k=1

Note that the interchanges of summation order are permissible as all terms are non-negative.



