Homework set 5 — APPM5450, Spring 2006

From the textbook: If you did all of the problems 9.1 — 9.11, then you
deserve a rest. If not, do 9.10(b,c,e,g), and 9.11.

Problem 1: Let A be a self-adjoint compact operator. For A € p(A), set
Ry = (A—\I)~! as usual. Construct the spectral decomposition of Ry. Use
it to prove that
[|RA|| = dist(A, 0(A)) = inf |\ — ul.
pnea(A)

Problem 2: Consider the Hilbert space H = L?(I), where I = [, 7.
Define

Yy ={ueH: ulx)=0Vz >t}
Note that € is a closed linear subspace of H. Define P(t) as the orthogonal
projection onto 2. Consider the operator A € B(H) defined by

[Au|(x) = z u(x).

(a) Prove that € is an invariant subspace of A for every ¢t € R.

(b) Prove that if a < b < ¢ < d, then ran(P(b) — P(a)) L ran(P(d) — P(c)).
Conclude that for any numbers —m =ty < t1 < to < --- < t, = m, it is the
case that

H = ran[P(t1) — P(to)] @ ran[P(ts) — P(t1)] @ - - - ® ran[P(tn) — P(ta_1)],

where each term is an invariant subspace of A.

(c) For a positive integer n, set h = 2r/n, and A\; = —7 + hj. Define the
operator

() A =325 (POy) = P(Ny1))-

7j=1
Prove that ||A — A,|| < 27/n. Conclude that 4,, — A in norm.

Note: The sum (1) is a Riemann-Stieltjes sum of the integral A = [; AdP()).



