Homework set 5 — APPM5440 — Spring 2009
2.7: Set I =[0,1],and Q ={f € C(I): Lip(f) <1, [ f=0}.
We will use the Arzela-Ascoli theorem, of course.

The Lipschitz condition implies that € is equicontinuous. (To prove this,
fix any € > 0. Set 6 = &. Then for any f € Q, and |x — y| < J, we have

[f(z) = f(y)] < Lip(f) |z —y| < |z —y[ <e))

To prove that 2 is bounded, note that if [ f = 0, and f is continuous, then
there must exist an xg € I such that f(zg) = 0. Then for any z € I and
any f € Q, we have [f(z)| = |f(z) — f(zo)| < Lip(f) [z — x| < [z — x| < 1.
So [|fllw < 1.

Finally we need to prove that € is closed. Let (f,,) be a Cauchy sequence
in . Since C(I) is complete, there exists an f € C(I) such that f, — f
uniformly. We need to prove that f € Q. Since f, — f uniformly, we know
both that Lip(f) < limsup,,_., Lip(f,) < 1, and that [ f =lim,_ [ frn =
0. This proves that f € €.
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2.8: We will explicitly construct a dense countable subset Q of C(]a, b]).
Without loss of generality, we can assume that a = 0 and that b= 1.

Forn=1,2,...,and for j =0,1,2,...,n, set :1:§~n> = j/n. Let §,, denote the
subset of C(I) of functions that (1) are linear on each interval [xg-?i)l, xg»n)],

(n)

and (2) take on rational values for each x; . Since each function in €y, is

uniquely defined by its values on the xg-n)’s, we can identify €, by Q"+
Hence €, is countable.

o
Set Q = U Q,. Since each 2, is countable, () is countable.

n=1

It remains to prove that Q is dense in C(I). Fix any f € C([), and any
€ > 0. Since [ is compact, f is uniformly continuous on I so there exists a
d > 0 such that |x — y| < 0 implies that |f(z) — f(y)| < £/2. Pick an n such
that 1/n < 0, and pick a ¢ € Q, such that |g0(a:§n)) - f(xgn))] < ¢/2 for
j=0,1,2,...,n. We will prove that || — f||y < &: Fix an x € I. Then pick
je{1,2,...,n} so that x € [xyi)l, x§n)
there is a number « € [0, 1] such that

o) = ap(@) + (1 - a) ).

]. Since ¢ is linear in this interval,

Now

(1) |f(z) = ¢(@)| = la f(z) + (1 - a) f(z) —ap™)) — (1 - a)p(\™)]
< alf(@) — @)+ 1 - @) | f (@) — ™).

Since ]f(x)—f(xgi)lﬂ < ¢/2 (by the uniform continuity) and since |f(1:§ri)1)—

go(:pgri)ﬂ < £/2 (by the choice of ¢), we have

2)  f(@) — @) < 1f@) - FEDI £ — el < e

Analogously,

3) (@) — o™ < |f(@) - fE)] + [ £() - o] <.

Together, (1), (2), and (3) imply that |f(z) — ¢(z)] < .
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2.9: (a) Suppose that w(z) > 0 for = € (0, 1). Then || - ||, is & norm since:
(@) [[Afllw = supy w(z)|Af(2)] = [A[sup, w(@)| f(2)] = [A[|[f]]w-

(i) [1f + gllo = sup, w(@)|f(x) + g(z)] < sup, w(z)(|f(z)| + lg(z)]) <
sup, w(2)|f (2)] + sup, w(@)|g(z)| = || fllw + [|9]|w-

(iii) If f = 0, then clearly ||f||, = 0. Conversely, if f # 0, then f(zg) # 0
for some x¢ € (0,1). Then ||f||lw > w(xo)|f(zo)| > 0.

(b) Assume that w(z) > 0 for € [0, 1] =: I. Set m = infyerw(z) and
M = sup,c;w(x). Since I is compact and w is continuous, w attains both
its inf and its sup, and therefore m > 0 and M < co. Then

1511 = sup 7o) = sup 2 )] = 1o

and
w(z)

@)= 1l

[ fllu = sup|f(z)| < sup
zel xel M

It follows that ) )
7 < < — .
Tl < 11l < 1Sl

(c) Set ||| f||| = supger |z f(z)]. We will prove that ||| - ||| is not equivalent
to the uniform norm. Set for n =1,2,...

1—nx z € (0,1/n],
f”(‘“):{ 0 erl/n/,l]].

Then || fn|lu = 1 for all n, while ||| f.||| = sup, x| fn(x)| < 1/n. This proves
that there cannot be a finite M such that || f||, < M |||f|||w for all f.

(d) We will prove that the set C(I) equipped with the norm ||| - ||| is not
a Banach space by constructing a Cauchy sequence with no limit point in
C(I). Forn=1,2,..., define f, € C(I) by

12 z € (1/n,1],
fulx) = { NG v e [0.1/n].

Fix a positive integer N. Then, if m,n > N, we have

fn = fmlll = sup ]ﬂf\fn(fﬁ)—fm(w)!

ze(0,1

< sup (w‘fn($)’ +x|fm(x)‘)
z€[0,1/N]

< sup (a: N x_l/z) = 2N 12,
z€(0,1/N)

Consequently, (f,)52, is a Cauchy sequence. But f, cannot converge uni-
formly to any function in C'(I). (To prove the last contention, suppose that
fn — f for some f € C(I). Then f(0) = limy, o0 fn(0) = oo, which is a

contradiction.)



