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Abstract

Nonlinear systems of equations demonstrate complicated regularity features
that are often obfuscated by overly diffuse numerical methods. Using a discontin-
uous Galerkin finite element method, we study a nonlinear system of advection-
diffusion-reaction equations and aspects of its regularity. For numerical regular-
ization, we present a family of solutions consisting of: 1) a sharp, computationally
efficient slope limiter, known as the BDS limiter, 2) a standard spectral filter,
and 3) a novel artificial diffusion algorithm with a solution-dependent entropy
sensor. We analyze these three numerical regularization methods on a classical
test in order to test the strengths and weaknesses of each, and then benchmark
the methods against a large application model.
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§1 Introduction

High order methods are appealing in a large number of scientific contexts, being
well-suited for maximizing performance to accuracy ratios in specific applications
[18, 22, 23, 48]. As is frequently the case in nonlinear models, the nonlinear partial
differential equations that govern the solution behavior, usually as presented in the
weak formulation, are well-known mathematically to exhibit discontinuous solutions
and singular behaviors. Since these behaviors can be driven by the underlying prop-
erties in the coupled mathematical operators, it can be important to preserve these
singular and discontinuous aspects of the solution to: 1) determine how frequently
and at what spatial density within the solution domain they occur, 2) determine if
they are being generated spuriously, or affixed, by some aspect of the numerical ap-
proximation method, and 3) determine whether they are physical in nature or are
simply model artifacts of the physics-based or empirical mathematical model. Iden-
tifying and analyzing all of these features of a solution can indeed be a tall order,
as ideally doing so requires careful mathematical analysis, numerical analysis, and
exhaustive physics-based validation and study.

Nevertheless, the presence of real, mathematical, and numerical discontinuities
in solutions can be viewed as motivation for methods that can locally support and
exactly represent discontinuities in their local solution spaces. A popular approach
that is capable of representing such singular behavior is the discontinuous Galerkin
(DG) finite element method (also frequently referred to as the local spectral finite
element method). In the DG method, locally piecewise discontinuous polynomials
are used over finite elements to represent solutions that can exactly represent jump
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discontinuities along element faces. Though many methods are able to achieve this
(such as finite difference and finite volume methods), DG methods can maintain exact
piecewise discontinuous projections to arbitrarily high order (e.g. the degree p of the
polynomial basis) at the resolution of h along element faces.

The appeal of DG methods in this regard is clear, though as with any method the
pros can only be viewed relative to the methods cons. In the case of DG methods, the
arguments against them are often aimed at the increased degrees of freedom relative
to standard finite element methods. However, careful study has shown that these
arguments are, at least at present, largely misleading, as DG methods are unusually
well-suited for modern supercomputer architectures that emphasize arithmetic inten-
sity over memory access [24], and also since modal enrichment in p is known to scale
more efficiently than spatial refinement in h [48]. In fact, among those who use DG
methods, the most concerning feature of the method is not its computational expense
or scaling, but rather the fact that DG methods tend to demonstrate remarkable
instabilities, with relatively frequent blow-up (or blow-down) behavior.

In linear PDE studies, this stability behavior can be very effectively isolated,
and it seems relatively clear that in general the spatial instabilities observed in DG
methods are not being caused by the numerical method per se, but rather from the
underlying regularity of the PDE itself. That is, a DG solution projects into a larger
(or weaker) function space (i.e. L2

loc) than, for example, spectral methods (i.e. L2) or
continuous Galerkin methods (i.e. Cn), and thus are more prone to exhibit features
emerging from the rigorous mathematical regularity of the solution. So, for example,
if the initial boundary problem for the system of nonlinear equations is well-posed
(in the sense of Hadamard) in L2

loc, then the DG solution is more likely to exhibit
singular behavior simply by virtue of its larger projection space.

However, even when discontinuities are salient features in the underlying model
itself, the impact of these on the solver can be catastrophic and lead to frequent
and nonideal blow-up behavior, especially when the discontinuities along the edges
migrate into the cell interiors and the modal projection in p is of higher order. In
these cases numerical shocks can form. These shocks are simply a consequence of the
radius of convergence of the solution curve extending to a larger domain of influence
than the chosen hp can explicitly support (as discussed in detail below).

In addition to this spatial irregularity, temporal instabilities are common features
that arise in even the simplest of numerical systems, such as when solving scalar
hyperbolic conservation laws using explicit timestepping. In this case the Courant-
Friedrichs-Lewy (CFL) condition presents a relevant, and often times substantial
restriction on the computational well-posedness of the solution, where the temporal
discretization dt is (partially) bounded from above by the spatial discretization h:
dt ∝ h/p as discussed in [47]. More broadly, CFL-type conditions can be viewed
as application-dependent restrictions on the timestep dt made to assure that the
wavespeed of the system cannot propagate at a rate that outpaces the contiguity of
the (localized) numerical fluxes.
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With the presence of these forms of potential instability in a solution to a sys-
tem of nonlinear PDEs, the question of how to manage them in a numerical setting
is entirely nontrivial. A number of techniques have been developed in order to reg-
ularize DG solutions, or, more informally, make then run to simulation completion
without blowing up. The most common method, and the method marketed by some
of the classical numerical papers [10–15, 45], is to use slopelimiting to regularize the
solution. Slopelimiting can be thought of heuristically as an a posteriori method of
mollifying solution gradients, where the system is reinitialized into a new state after
every n computations. Slopelimiters can be very effective at reducing system insta-
bility, and a substantial amount of work has been done to establish sharper, better,
faster, and increasingly more effective slopelimiters [32, 33, 35, 39, 50], many of which
are specifically designed with an eye towards preserving important physical properties
[34, 51].

Another popular approach, especially when running at high order (e.g. high de-
gree polynomial p) is to implement spectral filters. Spectral filters are remarkably
simple to implement, have relatively low computational complexity, tend to be quite
stabilizing to the solution, and are analogous to well-known spectral viscosity methods
[36]. A number of spectral filters have been developed in the DG setting, including
exponential [21] and adaptive [37] filters.

A third regularization technique is in the area of artificial diffusion (and/or arti-
ficial viscosity). Though “artificial viscosity” is a term often used at varying levels
of formality in the numerics and turbulence communities, in this paper we refer to
artificial diffusion (or artificial viscosity) solutions in the context of the discontinu-
ous Galerkin method as those formulated relative to a slightly perturbed form of the
original system of PDEs, that formally convergences in the h-vanishing limit to the
governing system. In this direction some very promising results have been established
[4, 9, 25, 43, 49], where perhaps one of the most promising is the entropy viscosity for-
mulation [52] that is stabilized by the formal mathematical entropy of the governing
system of equations.

In this paper we restrict to a manageable system of nonlinear advection-diffusion-
reaction equations. This system is a good example of a relatively simple nonlinear
model that displays singular behaviors and supports multiple types of irregularity in
its admissible function spaces. We provide several explicit examples of this generalized
formalism below, notably in the setting of the discontinuous Galerkin shallow water
equation model (DGSWEM) [7, 26–29]. All computations are run in parallel on the
Texas Advanced Computing Center’s (TACC’s) 10 PetaFLOPS Dell Linux Cluster
based Stampede system, on between 16 and 1024 processors.

An outline of the papers is as follows. In §2 we present the initial boundary
value problem under consideration. We then discuss the spatial discretization in the
discontinuous Galerkin framework, and restrict to the modal discontinuous Galerkin
method. The system of equations is recast into the weak form, spatially discretized, in-
tegrated locally on elements, and then temporally discretized using a stability Runge-
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Kutta method. In §3 we discuss the relevant regularization methods. First we discuss
some of the salient regularity features of a nonlinear system of advection-diffusion-
reaction equations. We then present the Bell-Dawson-Shubin (BDS) slopelimiter, and
discuss the details of its implementation. Next we review the foundations of spectral
filters and provide implementational details. Finally we present a generalized form
of artificial diffusion, with a novel entropy sensor. In §4 we first restrict to a clas-
sical scalar conservation problem for studying shock propagation. We provide error
behavior, graphs, and analysis of the computational system in order to develop a
better understanding of how these regularization methods differ, and which one is
best suited for different types of nonlinear applications. We finish the paper with a
validation study of tidal constituent behavior in a benchmark problem over a large
unstructured North Atlantic grid.

§2 Nonlinear advection-diffusion-reaction

Consider the following model system in divergence form

ιt +∇ · (uι)−∇ · (f(ι)∇ι) = g, (2.1)

given initial-boundary data

ι|t=0 = ι0, ι|∂Ω = ιb. (2.2)

For the sake of this work, our domain will be restricted to two spatial dimensions
x = (x, y) ∈ Ω, with static velocity field u = (u, v) and n-vector ι = ι(x, y) =
ι(ι1, ι2, . . . , ιn). The derived function f will be of some interest to us here, and
generally will take the form f = ε(ι) + η, where η ∈ R+ is a nonnegative constant
representative of the systems native diffusivity, while ε = ε(x, y, t) will represent the
so-called artificial diffusion discussed below. The function g is a generalized source-
reaction term, where g = g(x, y, t) or g = g(ι).

As motivated by [2, 3] for families of elliptic subsystems, we introduce σ and cast
(2.1) into the first order system,

ιt +∇ · (uι)−∇ · (f(ι)σ) = g, and σ = ∇ι. (2.3)

This system is discretized using a discontinous Galerkin finite element method as
discussed in detail in [16, 26, 29, 31, 38–40]. The discretization in time uses a family of
SSP (strong stability preserving) Runge-Kutta schemes as discussed in [28, 30, 44, 45].

For notational completeness we adopt the following discretization scheme moti-
vated by [20, 38]. Take an open Ω ⊂ R2 with boundary ∂Ω, given T > 0 such that
QT = ((0, T )× Ω). Let Th denote the partition of the closure of the triangulation of
Ω, which we denote Ωh, into a finite number of triangular elements denoted Ωe, such
that Th = {Ωe1 ,Ωe2 , . . . ,Ωene}, for ne ∈ N the number of elements in Ωh. In this
work we define the mesh diameter h to satisfy h = mini,j(dij) for the distance function
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dij = d(xi,xj) and element vertices xi,xj ∈ ∂Ωe when the mesh is structured and
regular.

Let Γij denote the edge shared by two neighboring elements Ωei and Ωej , and for
i ∈ I ⊂ Z+ = {1, 2, . . .} define the indexing set r(i) = {j ∈ I : Ωej is a neighbor of
Ωei}. Let us denote all Ωei ∩ ∂Ωh by Sj and letting IB ⊂ Z− = {−1,−2, . . .} define
s(i) = {j ∈ IB : Sj is an edge of Ωei} such that Γij = Sj for Ωei ∈ Ωh when Sj ∈ ∂Ωei ,
j ∈ IB. Then for Ξi = r(i) ∪ s(i), we have

∂Ωei =
⋃

j∈Ξ(i)

Γij , and ∂Ωei ∩ ∂Ωh =
⋃
j∈s(i)

Γij .

We are interested in obtaining an approximate solution to ι at time t on the finite
dimensional space of discontinuous piecewise polynomial functions over Ω restricted
to Th, given as

Sph(Ωh,Th) = {v : v|Ωei
∈Pp(Ωei) ∀Ωei ∈ Th}

for Pp(Ωei) the space of degree ≤ p polynomials over Ωei .

Choose a set of basis functions Nl for l = 0, . . . , np the corresponding degrees of
freedom indexed by the (spatial) spectral order p of the local element, such that we
can denote the modal solution over a finite element cell Ωei as

ιihp(t,x) =

np∑
l=0

ιil(t)N
i
l (x), (2.4)

where the N i
l ’s are the finite element shape functions. The j arbitrary finite dimen-

sional test functions ϕj are then characterized by

ϕij(x) =

np∑
l=0

ϕilN
i
l (x), ∀ x ∈ Ωei ,

where ϕij are the modal coordinates in each Ωei . These functions are chosen as
members of the broken Sobolev space over the partition Th defined by

W k,q(Ωh,Th) = {ω : ω|Ωei
∈W k,q(Ωei) ∀Ωei ∈ Th}.

In particular, when q = 2 and k = 0 we have the standard L2-norm, such that
ϕj ∈ L2

loc with piecewise polynomials representations ϕij ∈ Sph(Ωh,Th). For the d-
dimensional vector basis (in our case the spatial dimension dim = d = 2) we will
denote the j arbitrary finite dimensional test functions ζj characterized as the direct
product space, such that in the usual sense, when ϕj ∈ L2 with piecewise poly-
nomials ϕij ∈ Sph(Ωh,Th), this implies that ζj ∈ [L2]2 with piecewise polynomials

ζij ∈ [Sph(Ωh,Th)]2, and so on.
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We can equivalently recast the modal discontinuous Galerkin solution into the
nodal basis (i.e. the nodal discontinuous Galerkin solution), by choosing ñp support
points in each finite element cell,

ιihp(t,x) =

np∑
l=0

ιil(t)ϕ
i
l(x) =

ñp∑
`=0

ιi`(x
i
`, t)φ

i
`(x), ∀ x ∈ Ωei ,

for nodal basis φi`.
It turns out that this distinction between the modal and nodal bases is one of

occasional importance in the development of regularization methods, as we will discuss
in detail below. We will primarily restrict in this paper to the case of the modal
DG basis, and constrast the implementational features with that of the nodal basis
construction.

Then for ι a weak solution to (2.3), multiplying by ϕh and integrating elementwise
by parts yields the system:

d

dt

∫
Ωei

ιϕihdxdy +

∫
Ωei

∇ · (uιϕih)dxdy −
∫

Ωei

uι · ∇ϕihdxdy

−
∫

Ωei

∇ · (f(ι)σϕih)dxdy +

∫
Ωei

f(ι)σ · ∇ϕihdxdy =

∫
Ωei

gϕihdxdy,∫
Ωei

σ · ζihdxdy −
∫

Ωei

∇ · (ιζh)dxdy +

∫
Ωei

ι∇ · ζihdxdy = 0.

(2.5)

Replacing ι with ιhp, and applying standard numerical fluxes to (2.5) for the convec-
tive term, along with those asscoiated by way of the unified framework [3] for the
auxiliary equation and the diffusive term, then we arrive with the standard semidis-
crete formulation of the disconintuous Galerkin method.

The discretization in time follows now directly from (2.5), where we employ a
family of SSP (strong stability preserving) Runge-Kutta schemes as discussed in [44,
45]. That is, for the generalized SSP Runge-Kutta scheme we rewrite the evolution
equation in (2.5) in the form, M(dι/dt) = R, where R = R(u, ι,σ) is the advection–
diffusion contribution along with the source term, and where M is the usual mass
matrix. Then the generalized s stage of order γ SSP Runge-Kutta method (denoted
SSPRK(s, γ)) may be written to satisfy:

ι(0) = ιn,

ι(i) =
i−1∑
r=0

(
αirι

r + dtβirM
−1Rr

)
, for i = 1, . . . , s

ιn+1 = ι(s),

(2.6)

where Rr = R(u, ιr,σr), and the solution at the n–th timestep is given as ιn = ι|t=tn
and at the n–th plus first timestep by ιn+1 = ι|t=tn+1 , with tn+1 = tn + dt.
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It is often possible to optimize the generalized SSP schemes of 2.6 by restricting to
an optimization class of stage exceeding order SSP Runge–Kutta time discretizations
of [26, 29] as long as p ≤ 3. This class of SSP Runge–Kutta schemes has the advantage
of optimizing the polynomial order p of the approximate solution Uh with respect to
the r stage of the SSP Runge–Kutta scheme (incidentally satisfying SSP(r, p+ 1)) in
order to minimize the effect of the rigid constraint introduced by the CFL condition
on the timestep dt. The limitation on p (i.e. p ≤ 3) is generally more restrictive
than we encounter here, and thus, as will become apparent below, in the context of
dynamic p-enriched slope limited solutions we are generally unable to exploit these
optimization schemes directly.

§3 Methods of regularization

Regularization procedures are frequently studied in the numerical setting with regards
to first order hyperbolic subsystems. Doing this from a theoretical point of view is
often convenient as the characteristics in the standard scalar tranport setting, for
example, are well-defined, and the numerical fluxes can be constructed such that they
depend only upon local information from neighboring cells. Moreoso, the following
definition provides a particularly simple setting in this limiting case.

Definition 3.1. A first order system is hyperbolic if the eigenvalues of its Jacobian
matrix are real and distinct, or if its eigenvalues are real and the Jacobian matrix of
the system is non-defective.

However, in general physics-based models, it is far more common to run into
systems such as (2.1) that are at best convection-dominated, and in general have both
parabolic and reactive subsystems adjoined to them. This can lead to substantial
complications. First, the presence of a parabolic subsystem not only perturbs the
system away from the purely hyperbolic system, but can do so in a way that stiffens
the timestepping restriction, globalizes the flux response, and fundamentally changes
the eigenstructure of the operator space. Formally we have that:

Definition 3.2. A first order linear system is parabolic if its eigenvalues are real and
the Jacobian matrix of the system is defective, i.e. the determinant of the Jacobian
matrix (or Gram matrix) is zero.

This means, strictly speaking, that the eigenmodes of the parabolic subsystem
do not have a complete linearly independent basis. In other words, in contrast to
the complete basis in the hyperbolic subsystem, the eigenmodes in the parabolic
subsystem can have eigendirections (i.e. eigenvectors) with multiplicity that obey a
differing sign valence than the hyperbolic subsystem.

As if this were not complicated enough, the deceptively simple reaction term g
adjoins additional subtlety to the system. Now the reactive subsystem comprises a
(potentially) nonlinear dynamical subsystem, where the eigenstructure of the Jacobian
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matrix of the linearized subsystem can be used broadly to determine local stability
features, e.g. whether a fixed point is an attractor, repeller, saddle point, etc. While
this reactive Jacobian matrix does not explicitly impact numerical fluxes, it does
strongly impact subcellular dynamics within the finite element, and can thus have a
large effect on the regularity features of the solution [41].

As a consequence the spatial dynamics of (2.1) can broadly be viewed as being
dictated by three spatial operators, of hyperbolic, parabolic, and reactive type, each
consisting of uniquely identifiable eigenstructures, stability features, and regularity
characteristics. Of course, it is the coupling between these operators that ultimately
defines the system itself. The likelihood, in such a broad class, of the solution to (2.1)
happening across a numerical shock front becomes nontrivial, and cannot, of course,
be calculated exactly without understanding what function spaces the solution to the
full system of PDEs in the weakened form lies within.

In this paper we will define the right hand side operator L as decomposing into
three peices, L = C +D +R — a convective operator C , a diffusive operator D , and
a reactive operator R. Moreover we will define a numerical shock as any numerical
solution to (2.1) that, when expanded into an approximate local Taylor expansion of
order p at any (x, y) ∈ Ωh, has a radius of convergence % such that % < heffective which
can of course be explicitely approximated pointwise using h and p. When shocks are
present some form of numerical regularization must be applied in order to mollify the
solution back into the space of numerically admissible solutions. Below we discuss
three such techniques.

3.1 Slopelimiting using the sharp BDS limiter

Slopelimiting offers a very robust solution for regularizing solutions that have become
numerically unstable and/or develop numerical shocks. Generally, slopelimiters are
developed over subdomains of the solution, wherein minmod-type functions are ap-
plied to – above all — preserve local maximum/minimum type principles, e.g. over
some subdomain (or stencil) Xi ⊂ Ωh the solution ι at xi is bounded from above by
maxXi ι(x) and below by minXi ι(x). These methods can even be adapted to only
operate in very spatially or temporally localized regions, where for example, entropy
sensors can be used to sense nonlinearities and/or high local gradients [34, 39], and
limiting is only performed in such areas.

This kind of approach makes a lot of sense when the right hand side is a hy-
perbolic operator or the problem is strongly, or completely, convection dominated.
Additionally, these methods can have a lot of appeal when conservation properties or
global valence (e.g. positivity preservation) of the solution must be preserved. For
example, when the physics of the system does not support negative concentrations
then undershoots along numerical shock fronts are indicative of nonphysical solutions,
and slopelimiters can be devised that assure preservation of such features [34, 51].

In [39] we performed a relatively thorough numerical study on a large family of
slopelimiters of a hierarchical type. Broadly, hierarchical limiters can be defined as
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slope limiters that utilize hierarchical-type bases to reconstruct solutions over local
stencils by applying the local maximum principle in the form of stencilized (or lo-
calized) minmod-type function evaluations. There we studied a number of different
limiters, including the Durlofsky-Engquist-Osher limiter [19], Barth-Jespersen type
limiters [5], vertex type limiters [32], MUSCL type limiters [42], ENO type limiters
[1, 35], etc.

Here we briefly review the generalized form of one of the most effective and robust
limiters we have analyzed to date: the Bell-Dawson-Shubin (BDS) limiter outlined in
[6] and extended in [39] to include higher order terms. For the sake of simplicity and
accessibility, let us first present a simplified version of the algorithm in one spatial
dimension. Take the vertices xj of a one dimensional finite element grid, defined as
those points that share more than one element. In this case, any vertex xj shares two
elements, which we will denote by Ωj and Ωi (Note that Ωi in one dimension is either
Ωj−1 or Ωj+1, for example).

Restricting to the linear modes for any degree p polynomial, and setting ι̃i as the
cell average, the maximum ιmax

j and minimum ιmin
j at any point xj is taken as the

extremum over this vertex-localized stencil, i.e.

ιmax
j = max(ι̃i, ι̃j) and ιmin

j = min(ι̃i, ι̃j). (3.1)

The local linear solution is then evaluated at both vertices of the cell; the left ιLj,linear

and the right ιRj,linear vertex, repectively. The following simple minmod function %Lj
on the left vertex, for example, is then used:

%Lj = max
{

min
{
ιLj,linear, ι

max,L
j

}
, ιmin,L
j

}
, (3.2)

where the superscript L indicates the left vertex, and the same process is subsequently
performed at the right vertex. The vertex value on the cell is then reset/limited to
ιLj,linear := %Lj .

These limited values ιLj,linear are then averaged over the cell, Avg(ιj,linear) = 1
2(ιLj,linear+

ιRj,linear), where this Average is then used to compute a vertex weighting

Wj = 2(Avg(ιj,linear)− ĩj),

which is basically a measure of how much of the excess slope is to be redistributed
across the cell. This Wj is used to define a function at every vertex, given by

Dj =
(
ιLj,linear − ι̃j

)
sgnWj (3.3)

where sgn(·) is the usual signum function, except we set sgn(0) := 1. When Dj

is positive, it means that either both the average and the approximate solution at
the vertex are larger than the cell average ι̃j , or they are both smaller than the cell
average ι̃`. Whenever this is the case, it means the local solution has failed to satisfy
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a local maximum type principle, in this case simply meaning that overshoots and/or
undershoots are present in the solution. To quantify this failure, we sum the Dj over
each of the cells vertices, and if both evaluations are positive we set a counter D = 2,
else D = 1.

This allows us now to generate a vertex-wise redistribution factor Rj over each
vertex, defined simply by setting

Rj =

{
(WjsgnWj)/D, if Dj > 0,

0, otherwise,
(3.4)

where the maximum allowed value Rmax
j is determined by:

Rmax
j =

{
ιLj,linear − ιmin

j if sgnWj > 0,

ιmax
j − ιLj,linear otherwise.

(3.5)

The approximate values at the vertices are then updated, where we make sure
the maximum redistribution amount is not exceeded, Rj = min(Rj ,Rmax

j ). The
redistributed vertex value is updated explicitly to satisfy:

ιLj,linear := ιLj,linear −RjsgnWj . (3.6)

The difference is then reweighted for the computation at the right vertex by deter-
mining the amount of “slope” still available to redistribute by computing: Wj :=
(Wj −RjsgnWj). After the right vertex is redistributed, the two points at the ver-
tices uniquely determine a line, and thus the linear solution on the current cell is
determined.

In two dimension the formulation becomes more complicated. Here we define the
neighborhood of a point xj as that object comprised of elements that share a common
vertex xi, indexed with respect to the vertices of each cell Ωej . The focal neighborhood
Ωf = {Ωej}i (in the sense of the foci of geometric optics, as shown in figure 1) is the
collection of elements such that xi ∈ Ωej , where {Ωej}i is the collection of vertices of
neighboring elements that share vertices with a base element Ωej , such that i = 1, 2, 3
for triangular elements.

Restricting to the sub-quadratic terms of the hierarchical modal basis ϕij for any
degree p polynomial, implies we want i+ j ≤ 1. Then setting ι

ej
i as the constant term

of the basis in ιh of the base element containing coordinates xi = (ξi, ηi) in the master
element representation, we define the maximum ιmax

i and minimum ιmin
i values for

each unknown at every xi ∈ Ω̂ej over the chosen stencil Ω̂Xi (where this can be an
edge or focal stencil, or a variation, etc.) as

ιmax
i = max

∀Ω̂ej∈Ω̂Xi

{
ι
ej
i

}
and ιmin

i = min
∀Ω̂ej∈Ω̂Xi

{
ι
ej
i

}
. (3.7)

Next we take the full approximate solution restricted to its sub-quadratic part and
evaluated at the three vertices of the cell, denoted by the three values ι(x`)|i+j≤1 for
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Figure 1: On the left, the focal neighborhood Ωf of a base element Ωei filled in black.
Green, red and blue are the three focal neighborhood groups based at vertices xi of
the black base cell, while purple are cells contained in more than one of the two
focal neighbor stencils (incidentally comprising the edge neighborhood of Ωei). In a
contrasting geometric locale, the orange base cell’s edge neighbors ΩEj are each filled
in yellow, comprising the edge neighborhood ΩE . On the right the focal stencil Ωfi

and the edge stencil ΩEi of a base element Ωel = A. The stencils are defined with
respect to the base elements vertices xi for i = 1, 2, 3, such that the focal stencil
at x1 is Ωf1 = {J, I,N,H,B,A}, and likewise Ωf2 = {J,K,L,M,C,A} and Ωf3 =
{C,G, F,E,D,B,A}. Similarly the edge stencils are given by: ΩE1 = {J,B,A},
ΩE2 = {J,C,A} and ΩE3 = {B,C,A}. Notice that the union of sets recovers the
focal neighborhood (Ωf = ∪iΩfi) and the edge neighborhood (ΩE = ∪iΩEi), while the
restriction of the symmetric difference of sets defines the focal neighborhood group
(	iΩfi |Ωfj

) and edge neighborhood group (	iΩEi |ΩEj
) for any vertex j.

` = 1, 2, 3 corresponding to the vertices, while i+ j corresponds to the monomial de-
gree. At each vertex we employ the following minmod function %x`

= %x`
(ι(x`)|i+j≤1):

%x`
= max

{
min

{
(ι(x`)|i+j≤1, ι

max
`

}
, ιmin
`

}
, (3.8)

where we subsequently reset the vertex value to ι(x`)|i+j≤1 := %x`
(ι(x`)|i+j≤1).

Proceeding, we estimate the average vertex value over the stencil to its value on
the minmod’ed neighborhood by computing, Avg`(ι(x`)|i+j≤1) = 1

3

∑
` ι(x`)|i+j≤1,

and then we calculate a vertex-weighted difference between this average and the cell
average ι

ej
` ,

W` = 3
(
Avg`(ι(x`)|i+j≤1)− ιej`

)
. (3.9)

The restricted difference functions D` are then given with respect to each vertex x`,

D` =
(
ι(x`)|i+j≤1 − ι

ej
`

)
sgnW` (3.10)
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Ωej
��

���: Base element, Ωej ∈ ΩXi

/

A schematic of the dynamic adaptive linear restriction method

XXXXXXXz The redistributed slope of

the solution on Ωej ∈ ΩXi

• (ξ`, η`) – vertices of Ωej

• ιmax
i , ιmin

i – the extrema over the stencil ΩXi

• %x`
– the minmod function at (ξ`, η`)

• W` – the vertex-weighted difference of averages

• R` – the redistribution factor

• ι(x`)|i+j≤1 – the updated solution at (ξ`, η`)

• ιij |i+j≤1 – the updated monomial coefficents

Figure 2: A key for the BDS limiter. As dependent on the stencil ΩXi , the linear part
of the full solution of order p, and on a redistribution strategy that can be thought
of heuristically as “a consistent redistribution of linear gradients.”

where sgn(·) is the usual signum function except that sgn(0) := 1. Then, if D` is
positive, which means that either both the average and the approximate solution at
the vertex are each larger than ι

ej
` , or similarly that they are both smaller than ι

ej
` ,

then we set:

D = max

(
1,

I∑
m=0

1

)
, where I =

∑
`

sgnD`, for each x` restricted such that D` > 0.

(3.11)
This allows us now to generate a vertex-wise redistribution factor R` over each

element, defined simply by setting

R` =

{
(W`sgnW`)/D, if D` > 0,

0, otherwise,
(3.12)

where the maximum allowed value Rmax
` is determined by:

Rmax
` =

{(
ι(x`)|i+j≤1 − ιmin

`

)
if sgnW` > 0,

(ιmax
` − ι(x`)|i+j≤1) otherwise.

(3.13)
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The approximate values at the vertices are then updated, where we make sure
the maximum redistribution amount is not exceeded, R` = min(R`,R

max
` ). The

redistributed vertex value is updated explicitly to satisfy:

ι(x`)|i+j≤1 := ι(x`)|i+j≤1 −R`sgnW`. (3.14)

Finally we make sure that the difference is properly reweighted for the next computa-
tion at the elements next vertex (if one exists) by determining the amount available
to redistribute by computing: W` := (W`−R`sgnW`). This proceeds until no vertices
are left to evaluate in the cell.

Thus we arrive with the sub-quadratic approximate solution, but what we need
are the coefficients on ϕ10 and ϕ01 in the basis. To get these we must simply invert
the following local constant matrix:ϕ00(x1) ϕ10(x2) ϕ01(x3)

ϕ00(x1) ϕ10(x2) ϕ01(x3)
ϕ00(x1) ϕ10(x2) ϕ01(x3)

ι00

ι10

ι01

 =

ι(x1)|i+j≤1

ι(x2)|i+j≤1

ι(x3)|i+j≤1

 , (3.15)

which provides the unknowns.
The extension to higher order terms is relatively straightforward and is discussed

in detail in [39]. The basic idea is that linear recombinations are evaluated about
linearizations of the higher order terms, and limited from the top degree down to the
sub-quadratic degree. It should be noted that our previous studies suggest that while
the higher order extensions can improve stability features, they also, in general, tend
to reduce the convergence order of the solution, or, at least, cannot be guaranteed not
to reduce this order. Because of this aspect of the higher order extension, along with
the substantial computational cost incurred from higher order limiters, we recommend
using the first order form of the BDS limiter for nonlinear application models.

It is also important to note here that implementing the BDS limiter for nodal
DG methods is slightly different than its implementation for its modal counterpart.
When performing the limiting in the nodal basis a couple of things must be kept in
mind. First, the nodal basis must be interpolated down to the lower order linear basis
in order to perform the reconstruction. Once in the lower degree representation, the
basic outline of the limiting procedure can then be followed as long as the support
points include the vertices of the cell. If not, then the value at the vertices must be
recovered from the solution at the support points, which can be an additional step in
the limiting procedure. Finally, after the limiting has been performed, the solution
must be interpolated back up into the proper degree basis in order to perform the
remainder of the calculation.

3.2 Modal filtering

An alternative to slope limiting, which is based on adding dissipative modal diffusion
to the solution, is to regularize using simple spectral filtering. The immediate advan-
tages of spectral filtering are: 1) ease of implementation, 2) relative computational
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expense compared to many slope limiters, and 3) relative robustness for high polyno-
mial degree p simulations. For a more comprehensive review of what spectral filters
are, and how they are used, we refer the reader to [36], [21], [37]. Here we give a basic
review of some salient features of these methods.

A spectral filter applied to (2.1) can be motivated as a restriction to the parabolic
subsystem in the sense of timesplitting, or fractional multistepping. That is, if we
consider in one coordinate dimension with constant δ ∈ R+,

ιt − δ(−1)1+s̃ ∂

∂x

(
f(ι)

∂

∂x
ι

)
= 0, (3.16)

and notice that (2.4) provides that up to a change of polynomial basis (i.e. linear
transformation), the Sturm-Liouville equation is satisfied for positive f = m(x), such
that

− d

dx

(
m(x)

d

dx
N i
l

)
+ l(l + 1)N i

l = 0,

where then, for example, using a forward Euler time integration it follows that ele-
mentwise

ιn,ih = ιn−1,i
h + dtnδ(−1)s̃+1

np+1∑
l=1

(l(l − 1))s̃ιn−1,i
l N i

l

≈
np+1∑
l=1

σ

(
l − 1

np + 1

)
ιn−1,i
l N i

l , with δ =

(
1

dt(np + 1)2s̃

)
.

This follows for any explicit time integrator, where the choice of δ is easily generalized
accordingly. Also note that N i

l can be chosen as a Legendre polynomial basis, for
example, in which case h = 1− x2 for example.

The filter function σ = σ(ς) itself, for nonnegative ς ∈ R+ is required to satisfy
the following conditions:

σ(ς)


= 1, ς = 0

≤ 1, ς ≤ 1

= 0, ς > 1

Many candidate filters σ exist, though in this work we will utilize the so-called
exponential-type filter σ = e−ας

s̃
, where s̃ is a positive integer, α ≈ − log10(εM ),

εM is machine epsilon, and ς = l(l)/(p+ 1) such that l is a basis dependent mapping
that gives the monomial degree of the evaluated degree of freedom in the polynomial
basis.

3.3 Artificial diffusion for modal coefficients

In contrast to slope limiting and spectral filtering, a third regularization method is
artificial diffusion, or often referred to as artificial viscosity. In artificial diffusion,
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the equation itself is perturbed slightly away from its native form. For example, in
the slopelimiting case for a scalar transport equation, f = ε(ι) + η and is set to zero
by setting ε = η = 0 where g(t, x, y) = 0, such that pure hyperbolic transport is
recovered. In this case the slopelimiter, as discussed above, comes in to preserve a
local maximum principle over a restricted subdomain (i.e. stencil). Again, this is es-
sentially an a posteriori step that takes an initial state, “senses small-scale oscillatory
behavior,” adjusts relative to it, and reconstructs a smoother state at every timestep
(or stage, etc.).

In contrast to this, the artificial diffusion can be viewed from a slightly differ-
ent perspective. In the case of artificial diffusion, the assumption is again that the
preasymptotic behavior of the solution is unstable due to solutions demonstrating
subcellular nonlinearities, e.g. a convergence radius smaller than that supported by
h and p. But now, in order to recover a stable solution, the underlying mathemati-
cal system of equations is perturbed away from that of purely hyperbolic transport
by setting f = ε(ι), with ε(x, t) 6= 0 for some x ∈ Ωh. Notice the effect that this
has. Now, in contrast to the spectral filter and the slopelimiter, the regularization
here is mediated directly by the elliptic operator D = ∇ · (f∇ι) present in the the
parabolic subsystem, ∂tι = L . Of course, it should be noted that in an indirect way
both slopelimiting and spectral filtering (or spectral diffusion) can also be viewed as
types of artificial diffusion, but in these cases the artificial diffusion is not a part of
the mathematical system, but merely a discrete postprocessing step performed after
solving the discrete system. More concretely, in artificial diffusion the right hand side
operator (e.g. L = C + D + R) is updated relative to a rescaling of the parabolic
contribution D to the solution, while in slopelimiting and spectral filtering, the entire
rand hand side R is rescaled.

In the DG setting the first effect using a second order operator has, is it sends the
regularization operation into the unified framework [3]. The second effect this has, is
that the local maximum principle is no longer enforced over a stencil relative to the
solution variation in ιh, meaning that subcellular oscillations are no longer artificially
excised from the solution, but rather at most, simply dampened.

That said, the crux of the artificial diffusion methods lies in the construction of
the function ε(ι). In simplified cases, the most efficient and precise approach is to use
the systems entropy functional E(ι) to construct ε, in which case rigorous numerical
analysis can assure convergence behavior and ε can be weighted properly in p and h to
assure that the asymptotics of the numerical analysis push through. This case, when
made fully formal, can be characterized as the entropy viscosity method [52]. However,
in the nonlinear setting, which we are focused on here, the entropy method can be
highly unwieldy for a number of reasons. First, in nonlinear physically driven systems
the form of the reaction/source term g(ι) can fundamentally change the entropy form
of the equation. This is of course also true, though to a lesser extent, with the
dissipative coefficient f(ι). The effect this has then, is that when using the entropy
formulation for the regularity sensor, the sensor becomes intrinsically linked to the
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exact form of the base equation, making its ability to be generalized over all forms
that g(ι) might take in practice, an intractable problem. As a consequence, in our
setting, we are more interested in a robust heuristic construction for artificial diffusion
in the context of potentially nonlinear convective-diffusive-reaction equations..

One should also note the differences in the nodal and modal implementations of
artificial diffusion. In nodal DG, the artificial diffusion ε(ι) is naturally parameterized
by the position of the solution x. This is because the nodal DG solution varies as
a function of space at support points, allowing ε(x) to vary within a single cell. As
a consequence, in nodal DG, pointwise entropy-type sensors are frequently used to
test for local (subcellular) regularity. An entropy-type sensor might also be called
a regularity sensor, where entropy does not necessarily refer to the exact physical
entropy of the system, but rather more heuristically as a measure of the relative local
disorder, energy, or variation present in the solution.

In the modal DG setting, however, the situation is different as the solution co-
efficients ιil(t) do not vary across the cell, but only across the monomial degrees of
freedom l of the basis. In this setting entropy-type sensors must be cell-based rather
than subcellular, and the behavior of the artificial diffusion must be uniform over the
cell. In this sense, it is appropriate to view modal DG as a spatially spectral method
(e.g in contrast to standard spectral methods which are spectral in frequency space)
and artificial diffusion as a type of local spectral diffusion/viscosity [46].

The artificial term ε(ι) is frequently determined using local regularity (or entropy)
measures/sensors that are meant to sense the onset and formation of local shock
fronts. In fact, in the case of entropy viscosity [52], it is observed that the correct
choice of ε(x, y, t) can allow for a remarkably loose CFL condition, that does not
always seem to (strongly) require the more restrictive h2 dependency inferred from
the adjoined parabolic subsystem. In some cases [53], the CFL condition for the
hyperbolic subsystem can be used as data to solve the coupled entropy system.

In the general setting, these sensors can be easily formed by way of modal trunca-
tion or through the use of mathematical entropies. In our case, since we are concerned
with a reaction-diffusion-advective flow, we develop a regularity sensor Sij that mea-
sures spectral irregularity as a function of the modal growth in the spatial expansion.
That is,

Sij(t,x) =

log10

(
L2
loc(ι̃ihp)

L2
loc(ιihp)

)
, if ιihp(t,x) > ε

K, otherwise

for Ωi ∈ Ωh and j = 1, 2, . . . where j runs over the indices of the state vector ι, K is
a large negative real number, ιihp is the approximate solution, and ι̃ihp is the modal
expansion of the solution vector for all but the constant mode, e.g. in the hierarchical
basis ι̃ihp(t,x) =

∑np

l=2 ι
i
l(t)N

i
l (x).

This sensor is then used to determine which cells Ωi are to be “regularized” by way
of adding nonzero εi. These entropy sensors can also be used to make the diffusion
proportional to the entropy itself componentwise, εij ∝ Sij . Each component of the
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artificial diffusion εj is calculated cell-wise by setting

εij =

{
0, if Sij < S0 + κ

ε̃ij |Sijcj + Bj |pi , if Sij ≥ S0 + κ

where cj is a nonnegative constant, pi is the modal degree of the cell Ωei , and Bj ∈ R.
Generic starting points for the tuning parameters are S0 ∼ maxΩh

S(0,x), ε̃ij ∼
(h/p)2, and κ ∼ AvgΩh

S(0,x). It is of value to note that in order to recover the formal
properties of the artificial diffusion in the numerical formalism, such as vanishing in
the h↘ 0 limit, εij = εij(hi, pi) must have properly weighted dependencies in h and
p such that it vanishes in the limit for the specific system of equations.

§4 Numerical tests

4.1 A classical test case

In order to parse some of the basic features and differences between the regularity
precedures from §3, we solve a classical rotating shock solution to a scalar transport
equation. This is of course a hyperbolic conservation law, though it serves as a very
effective way of teasing out the subtle differences in each of the three regularization
methods discussed above.

Formally we are interesting in single component hyperbolic advection,

∂tι+ u · ∇xι = 0, (4.1)

with initial-boundary data given by

ι|t=0 = ι0, and ιb = 0,

corresponding to vanishing Dirichlet conditions, given a time-independent velocity
vector field u = u(x) with the transported scalar quantity ι = ι(t,x) in two dimen-
sions, such that x = (x, y) and u = (u, v).

We choose the domain Ω =
[
− 1

2 ,
1
2

]2
with velocity field u = (y,−x). Letting

τO = π/4 and defining the auxiliary variables

Ox = x cos τO − y sin τO and Oy = y cos τO + x sin τO,

the initial data satisfies

ι0 =


1, if A,

1−Ba−1, if B ≤ a,
1
4 (1 + cosπr) , otherwise,

(4.2)

where

A = (a0 ≤ B ≤ a) ∧ (Ox ≤ a1) , B =

√(
Ox −

1

4

)2

+O2
y,
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and

r = a−1 min

(
a,
√
O2
x + (Oy + 1/4)2

)
.

Here we choose a = 0.18, a0 = 0.025 and a1 = −0.23.

The exact solution may be determined by noticing that for any F (x, y), where
x = x(t) and y = y(t),

dF

dt
= ∂tF +

(
x′

y′

)
∇F = 0.

This implies that for

u =

(
u
v

)
=

(
y
−x

)
, we have the system x′ = y and y′ = −x,

such that the solution to the second order ODE, y′′ + y = 0 can be viewed as a
generator of the rotation matrix R about the origin. That is, we obtain the clockwise
transformation

R =

(
cos t − sin t
sin t cos t

)
, (4.3)

such that Rx yields the exact solution.

Some numerical results are presented in Table 1, with a number of interesting
observations. First, it should be noted that one of the substantial advantages of the
BDS limiter is that it does not require tuning. In nonlinear application settings,
having to tune parameters can add substantial development and research time to any
problem, and the importance of not having to do so cannot be understated. However,
that notwithsdtanding, and even though the BDS limiter is one of the strongest
available limiters [39], its accuracy behavior is not the most effective of the tested
regularization methods. The BDS limiter also shows very minimal error reduction in
p, which though nonideal, is, of course, also expected. For p = 1 the BDS limiter
is very competitive with the nonregularized (e.g. best approximate) solution in the
L2-norm. As p increases though the BDS limiter fails to show the behavior one might
hope for. Looking at figure 3, it is interesting to see that the BDS limiter is by far
the most destabilizing (as a measure of L∞-error) in the very short time frame of a
couple hundred timesteps. In fact, on closer perusal, it seems that this behavior is
being caused by the local maximum principle behavior over the stencil, where the
BDS limiter almost completely eradicates all the sub-stencil extrema in the solution.
That is, on the stencil Xi the minmod function %x tends to smear out (and linearize)
almost all subcellular features within the domain of influence of Xi. This perturbation
away from the initial state of the system causes a spike in the L∞-error, that calms
after several thousand applications of the RHS operator (at RKSPP(6,4)).

Another interesting observation and comparison between the BDS limiter and
the nonregularized solution can be seen in figures 4 and 5, where the BDS limiter
dramatically smooths along sharp gradients. Again, this is the long time behavior of
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p Regularization L2error
L∞error Parameters

1 None
(

0.257596956362332
0.473192221849165

)
No tuning

1 BDS limiter
(

0.255916107446837
0.514338985954558

)
No tuning

1 Modal filter
(

0.258484813737977
0.474687497032311

)
α = 10, s̃ = 4

1 Artificial diffusion
(

0.257078135845103
0.469509688235644

)
ε = 2.5× 10−6, κ = −1

2 None
(

0.170738764376758
0.354097814066434

)
No tuning

2 BDS limiter
(

0.223121738467467
0.455107484317801

)
No tuning

2 Modal filter
(

0.175711150561175
0.348555573453897

)
α = 10, s̃ = 4

2 Artificial diffusion
(

0.178933438994748
0.339032435941110

)
ε = 2.5× 10−6, κ = −1

3 None
(

0.126613945270710
0.257554046914193

)
No tuning

3 BDS limiter
(

0.218639108980124
0.482120911655806

)
No tuning

3 Modal filter
(

1.84964279569021
0.733852764586520

)
α = 10, s̃ = 2

3 Modal filter
(

0.722437687707741
0.596532542993910

)
α = 10, s̃ = s

3 Artificial diffusion
(

0.128502876699574
0.267339777576446

)
ε = 2.5× 10−7, κ = −1

3 Artificial diffusion
(

0.152133348851204
0.318468351656306

)
ε = 2.5× 10−6, κ = −1

3 Artificial diffusion
(

0.193842852653945
0.390162789772915

)
ε = 2.5× 10−6, κ = −5

Table 1: The L2 and L∞-errors of the approximate solutions after one full rotation
with respect to (4.1), setting a fixed h = 1/256, dt = 8×10−4 and using Runge–Kutta
SSPRK(6, 4). For the artificial diffusion runs, all have used c = 0,B = 1.

the limiter, as in the short time, the edge gradients are actually amplified, though
after multiple applications the solutions stabilizes to a very regularized form. We
have also observed that though the BDS limiter is very regularizing in the long term,
the short term behavior can be potentially problematic for the auxiliary formulation,
where the gradient field σ can become highly unstable, such that scalar transport
coupled to physical diffusion becomes quite delicate. The reason for this is related
again to the above mentioned behavior, where the minmod function resets the cellular
values of the functions without reconstructing the gradient values σ. Hence, on the
subsequent timestep evaluation, the base field ι is smooth, but the gradient field σ
is constructed from the previous timestep prior to limiting, and is thus inconsistent
with the new field. The simple solution to this is to run the limiter multiple times
per Runge-Kutta stage, once before the auxiliary equation is computed, and once
after the RHS operator is evaluated. While this can be very effective at the level of
regularization, it can also become prohibitively expensive computationally. It should
also be noted that this behavior relative to the auxiliary forms of σ is a common
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Figure 3: The error-in-time behavior over 7956 timesteps. The bottom graph in each
is the L2-error, and the top is the L∞-error.

feature of nearly all slopelimiters. Finally, observe in table 2 and figure 5 that a final
curious feature of the BDS limiter, is an induced bias relative to the fixed geometry
of the unstructured mesh. This behavior is easy to understand, once one understands
that the algorithm from section 3.1 is ordinal in the sense that the order in which
vertices are evaluated determines the relative weighting of the redistribution factor.

The modal filter also demonstrates interesting behavior. Notice in table 1 that
especially at p = 1 the modal filter demonstrates very little change in accuracy from
the nonregularized solution, though it is slightly more diffuse. As p increases, the
modal filter moves further away from the nonregularized solution, though the choice
of s̃ has a large effect on the error. The reason for this is again fairly simple. In the
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Figure 4: Here we show the sharpest discontinuity island, in clockwise order from
top left, with the initial state, then end states after one half of a clockwise rotation
at p = 3, h = 1/256 using: L2-projection, no regularization, BDS limiter, artificial
diffusion with ε = 2.5× 10−6 and κ = −5, artificial diffusion with ε = 2.5× 10−6 and
κ = −1, and a modal filter with s̃ = 2.

modal filter the average value (i.e. the constant mode in the polynomial expansion) is
not (in general) ever adjusted, it is only the higher order modes that are diffused (one
can of course diffuse these modes, but this leads to a very globally diffuse method).
Thus the impact on the solution is similar to slopelimiter, where when the value
of s̃ is set too high/low relative to the weight of the modal expansion, the effect is
either minimal or the amount of diffusion can be catastrophic as seen in table 1, when
p = 3 and s̃ = 2. Nevertheless when tuned correctly, the modal filter can smooth
the solution very nicely, and as seens in figures 3 and 5, causes less eratic response
in the error profile. Nevertheless, the modal filter does not preserve local maxima
or minima, but rather globally diffuse the solution in a way very similar to the BDS
slopelimiter.

Finally, the artificial diffusion solutions offer a dramatically different type of reg-
ularization behavior than the modal filter or the slopelimited solutions. As shown in
figure (3), in the case of the nonregularized solution and the modal filter, the solution
error slowly but steadily grows in time, as would be expected from solutions with
no discontinuities. In the BDS limiter one witnesses the opposite behavior. Large
initial error is induced, and is subsequently dampened over the timesteps until the
system seems to reach a relatively steady state in the error behavior. In the case
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p Regularization L2error
L∞error Parameters

3 None
(

0.121672034988564
0.261596521446734

)
No tuning

3 BDS limiter
(

0.221578306991342
0.542707704298091

)
No tuning

3 Modal filter
(

0.653552134431015
0.629007003412417

)
α = 10, s̃ = 2

3 Modal filter
(

0.278944826656417
0.451577854625951

)
α = 10, s̃ = s

3 Artificial diffusion
(

0.190501786334666
0.298360381752994

)
ε = 5× 10−4, κ = −1

3 Artificial diffusion
(

0.188748772436751
0.292264396683535

)
ε = 2.5× 10−5, κ = −1

Table 2: The L2 and L∞-errors of the approximate solutions after a quarter rotation
with respect to (4.1), setting a fixed h = 1/512, dt = 1×10−4 and using Runge–Kutta
SSPRK(6, 4), again using c = 0,B = 1.
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Figure 5: The same simulation as in figure 4, including a single refinement to h =
1/512. In clockwise order from top left, with the initial state, then end states after 1/4
clockwise rotation at p = 3: L2-projection, no regularization, BDS limiter, artificial
diffusion with ε = 2.5 × 10−5 and κ = −1, artificial diffusion with ε = 5 × 10−4 and
κ = −1, and a modal filter with s̃ = s.

of artificial diffusion, the tuning parameters provide enough flexibility so that the
error behavior over time can be tuned to essentially whatever response type is most
physically/mathematically justifiable.
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Figure 6: The top left shows an overhead view of the L2-projected initial condition
with mesh outline, while the top right is norm of the constant background velocity
field with streamlines included. The larger subdomains here outine the 16 processor
subdomains of this parallel simulation. The bottom left is the entropy sensor S after
15 timesteps, and the bottom right S after 405 timesteps.

To explain this behavior let us first explain the response of the entropy sensor
Sij to a solution profile. The entropy sensor can be used to isolate areas where the
nonlinearities in the solution (not necessarily in the PDE itself) start to dominate its
modal expansion. In this example case, these areas correspond spatially to coordi-
nates where the gradient of the solution becomes unbounded. This is observable in
figure 6, where the entropy sensor gets closest to zero, from below, near the sharpest
interchanges, and the resulting domain of disorder tends to grow in time. As a result,
the larger the κ the sharper, or tighter, becomes the domain of influence wherein the
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artificial diffusion εi is acting.

For example, in figure 3 the solution of the artificial diffusion at relatively tight
settings κ = −1 with low artificial diffusion ε = 2.5× 10−7 has an error behavior that
is reminiscent of the modal filter and the nonregularized solution. This is because
the diffusion is of too low in magnitude to diffuse the Runge oscillations along the
steep gradients. However, when the diffusion is slightly raised to ε = 2.5× 10−6, the
behavior becomes quite different. Now, as seen in Table 1, at low p the optimal error
can actually be reduced by diffusing out the spurious modes along the edges (without
allowing this diffusion to spread to neighboring regions). This behavior is interesting
to observe in figure 3, where the error does indeed grow in time still, as with the
nonregularized solution, though does so without inducing a strong perturbative spike
like the BDS limiter. In fact, even at p = 3 the error after one full revolution is still
substantially smaller than that of the BDS limiter, for example. Moreso, one can see
in figures 4 and 5 that this solution has almost completely dampened the undershoots
and overshoots in the solution, and moreover, it has achieved this without excising
any subcellular and sub-stencil extrema from the solution.

These settings can nevertheless be quite delicate. For example, in the looser setting
on Sij where κ = −5 and ε = 2.5 × 10−6, the behavior of the artificial diffusion
can tend to dominate, and in so doing begin to pollute the solution with spurious
oscillatory modes. That is, even though the error behavior of this solution in Table
1 seems to suggest a better solution than, for example, the BDS limiter, and even
though figure 3 suggests that after a stabilization in the diffusive modes the diffusion
starts to dominate the solution and the error, the solution itself demonstrates a very
noticeable ripple forming across the top of the plateau (graphs not shown). This
plateau should, of course, remain at a constant value along the scalar transport, and
so the fact that it is picking up spurious modes far into the domain that are bleeding
over from the Runge oscillations along the edges is reason for concern. This of course
only serves to underscore the delicacy of requiring tuning parameters in complicated
largescale algorithms.

4.2 Validation

The test from §4.1 offers clean insight into the response of the algorithms, but it
remains to see how the regularization methods perfom on large application models.
To wit, we take the shallow water equations fully coupled to Exner’s sediment con-
servation law:

∂tH +∇x · q −∇x · (W∇xH) = 0,

∂tq +∇x ·
(
q ⊗ u+ 1

2gH
2
)

= gH∇xb+∇x · (N∇xq) + S,

∂tbi +∇x · q̃i −∇x · (D∇xbi) = 0,

(4.4)

where q̃ is the flux formulation for the sediment discharge q̃ = q̃(H, q, b), with the
momentum flux q = Hu. The total height of the water column H is a linear com-
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Figure 7: The bathymetry b and mesh for the north Atlantic unstructured grid.
The top left shows a zoom in of the mesh around the Florida coast, where the top
right gives the corresponding bathymetry. The bottom shows the entire domain.
Light colored subdomains indicate the location of each of the 1024 processors used in
parallel to run these simulations.

bination of the bathymetric bed load b with layered strata b =
∑`

i=1 bi and the free
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Figure 8: Here we show the tidal response at station 9, Boston, Boston Harbor, MA:
+42◦ 21′ 17.9994”, −71◦ 3′ 6.012”.

surface height ζ, such that H = ζ + b where g is the gravitational constant.

The eddy viscosity is taken to satisfy N = N? + εN, which is the sum of native
N? plus artificial εN viscosity. Here W is the wave diffusion comprised of native W?

and artificial εW wave diffusion, and D is the sedimentary eddy viscosity made up
of D? and εD. The remaining source term S = S(x, t) connotes the remaining first
order forcings in the system, such as winds in hurricane storm surge models [8, 17],
and tidal constituents, etc. Also, note that when we write b and its corresponding
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Figure 9: The tidal response at station 29, Ocean City, Fishing Pier, MD:
29,+38◦ 19′ 36.012”, −75◦ 4′ 59.988”.

flux in the Exner equation with no index, we mean to restrict to the case of the single
stratum, ` = 1.

Our test case will be an initial boundary problem on a large north Atlantic unstruc-
tured grid comprised of 492179 elements (see figure 7). We use this as a benchmark
problem to test coastal tidal forcing estimates, where the primary forcing fields are
the tidal constituents. In this example we restrict to the O1 lunar diurnal constituent.
The native eddy viscosity is set to N? = 5, with a quarter day ramp up of the tides
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Figure 10: Here we show the tidal response at station 44, Charleston, Cooper River
Entrance, SC: +32◦ 46′ 54.0114”, −79◦ 55′ 29.9994”.

to avoid shocking the system. In our example the bathymetry is taken to be time-
independent and thus the continuity equation simply tracks the evolution of the free
surface ζ.

The results are shown in figures 8–11. We take here the continuous Galerkin
ADCIRC model as our benchmark solution [8], and run at p = 1 with a timestep of
dt = 0.1. The results are somewhat subtle, though striking. First, the solution does
not run to a stable completion without the addition of a limiter of some sort, either
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Figure 11: Here we show the tidal response at station 100, Corpus Christi, Gulf of
Mexico, TX: +27◦ 34′ 47.9994”, −97◦ 13′ 0.0114”.

slopelimiting or artificial diffusion. It should also be noted here, that no wetting and
drying algorithm is being used for this test example, which would add an additional
limiter into the mix. Looking at figure 8, it is clear that many of the differences occur
in the first two to three days of the simulation. In the zoomed in plot it is easy to
observe that the BDS limiter is seemingly reducing the energy of the wave, lowering
crest amplitudes and raising trough amplitudes. In contrast, the artificial viscosity
limiter, run using κ = −1 and ε = 20 m2 s−1, provides a solution that is virtually
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indistinguishable from the native DG solution (DG raw, which, as seen in figure 8 is
only stable until about 2 × 105 seconds), with the one exception being that it runs
to completion. This same behavior is seen to occur again in figures 9–11. These
subtleties notwithstanding, all of the DG solutions perform relatively well against the
CG benchmark solution.

§5 Conclusion

In nonlinear PDEs complicated regularity can be expected in the mathematical so-
lution, inducing important questions about the nature of the physical regularity as
well as numerical regularity of the solution. To study, analyze, and understand the
prominent features that arise, and can even dominate nonlinear system solution be-
havior, one must utilize numerical regularization techniques. In the area of modal
discontinuous Galerkin methods, three salient techniques are: slopelimiting, modal
filtering, and artificial diffusion.

We have discussed the implementation and derivation of a very effective slope
limiter, known as the BDS limiter. We further reviewed modal spectral filters, and
developed a new artificial diffusion technique based on a novel entropy sensor formu-
lation. Numerical studies have helped to develop a deeper understanding of when
and how these techniques can be used to regularize solutions to nonlinear advection-
diffusion-reaction equations.

We have found that when one is solving systems at relatively low order, e.g.
p = 1, when diffusion and/or viscosity can be neglected such that the auxiliary
variables σ do not play into the solution behavior, and when reaction terms g have
nonoscillatory subcellular behavior, then the BDS limiter is extremely appealing for
producing stable, computationally efficient solutions to broad classes of nonlinear
applications. It should be further noted that the BDS limiter is not difficult to
extend to preserve derived quantities, such as positivity preservation, etc.

In cases where p > 1, or when solution behavior demonstrates strong dependencies
on the gradients σ and have areas where diffusion/viscosity or nonlinear reactions
dominate, then modal filtering or artificial diffusion can be much more effective as
tools for solution regularization. Modal filtering is appealing in that it is fairly easy
to implement, has no effect on the CFL condition of the system, is easy to tune, and
is computationally efficient. However, modal filtering suffers from the fact that it
dampens local extrema. One could of course extend the filter to having dependencies
on a local entropy sensor, in order to make a local spectral viscosity method that
more feectively addresses this issue.

Along these lines, artificial diffusion (or artificial viscosity) can be used and very
finely tuned to dampen spurious solution artifacts by virtue of its coupled entropy
sensor. It is highly tunable, and thus can display broad types of regularization across
the solution. However, the artificial diffusion can stiffen the timestepping when dif-
fusive modes are not already present in the system, and it can be very challenging to
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tune for large nonlinear application models.

Areas for future study include the relationship of nonlinear operator eigenmodes to
temporal stabilization of the solution using an extended form of linear stability theory.
We are also looking to test these regularizing procedures on large scale applications
models, such as storm surge and barrier island erosion models over many millions of
degrees of freedom.
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