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H!-Conforming Projection-Based Interpolation

Master tetrahedron,
T ={(x1,22,23) : ©1 > 0,29 > 0,23 > 0,21 + 22 + 73 < 1},

with faces f and edges e.
Min rule assumed:

pr <p,Vf, pe<p;foradjacent faces f .

Finite Element Spaces:

P, = {u€PUT) - uly € PYI(f)ul € PP(e), Vf.e}

pf7p€

Pyl ={ue PP(f) : ul. € P*(e), Vel.




Definition:
)

ui(a) = u(a)
|u — Hu|¢ . — min

U — Hu\%%’f ~ ||V (u— HU)H_%%][ — min

| u— [Mul g = ||V (u —u)||p x — min

Remark: Due to the imbedding of H"(T) into C(T) only for r > 3,

the interpolation operator is continuous only on H %“(T ). The standard
argument based on reproducability of polynomials and continuity of the
interpolation operator,

lw = Tuflr = [[(u = ¢) = H(u — @)1 < (L + [HD]Ju = ol r

leads to a suboptimal estimate,

. (1, |
Ju—Tully 7 < A+ inf Ju—¢lly,, 7 < Cp "2 ullr, > .
pEPP 2
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Polynomial preserving, continuous extension operator for a
triangular face f

HE(f)
Egde lTTgrad
H(0f)
Here € € (0, 4.

Py.(f)

Egmd T \LTTgrad

Pre(f)




H'!' extension from one edge to triangle (Babuska):

%

)\1: const

domain of integration

a

1
4G t )B:const

A1+
A(A1, A2) = / (A1 + EX2) dE = ;2/ P(t) dt .

Edge to edge operators:
1 A1+
¢ (A1, A2) = / (A1 +ENg) dE = / (1) dt .

2

6 — A = G\

¢ — AlMlp = @y, —




The three edge problem:

Given f; defined on edge A\; = 0,7 =0,1, 2,
Find ¢; such that
gi+ A+ Al = s
Multiply by w', w? = 1, to decouple,
Find ¢;w’ such that
di + w AT <§bi—1wi_1) Lol Aleft (¢¢+1wi+1) — fuw
Define then,

ET Y fy, fa, f3) = Z@-




Solution of the decoupled problems:
f _ feven 4+ fodd7 ¢ _ ¢even 4+ ¢0dd

(Easy) case w = 1:

5N () = 1d {(1 S /:z: feven(s) g — (1 2?) /: fzven(S) ds}

T 2dx 1 1l —s=s + S

¢0dd<x>=§d‘;{ g L Ly (1= ) f(s) ds

1+ x 1 l—=x
(Tricky) case w # 1:

much more complicated but explicit !




Projections






e Operator P9 . H! 3y — P94y, Pz];f,pev

|V (P97, — )| — min
(P97, — 4, 1) =0
e Operator pstegrad . [3te 54—, pytegrady o Pr
’|V<P—%+e,gmdu L u)

H_%Jre — min

(P—%-I-e,gmdu — u, 1) — 0




Poincare inequalities




Poincare’s inequalities:
There exist C' > 0 such that,

lullor < CIVullor,

for every function v € H'(K) belonging to either of the two families:
Case 1: (u,1)gr =0,
Case 2: u=0on 0K,

Poincare’s inequalities for fractional spaces defined on a
face f:

There exist C' > 0 such that

lullos < Cluly, p= ClIVull_y s,

for every function u € H %“( f) belonging to either of the two families:
Case 1: (u,1)ys=0,
Case 2: u=0on 0f.




e-(sub) optimal p estimate




Step 1: Comparison with the projection on the element
level

The interpolation error is bounded by the projection error and the
interpolation error on the element boundary,

Ju — Hulyr < ||u— P7"%
< |lu — Pgradu
j U — Pgradu
< |lu — P97

1,7 T
1,7 T
1,7+

1,7+

porady, — [Tul|y.7

grad,
L rbiors ey P = Tl
u— P7%| Lor T llu—Tully o7
u — TTu| 10T




Step 2: Localization to faces

|l

vor < llullycor




Step 3: Comparison with the commuting projections on
the face level

The face interpolation error is bounded by the face projection error and
the interpolation error on the face boundary,

lu—Tully,, o = u— Py, o+ [Ju = TTulleo
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Step 4: Estimation of the interpolation error on edges

Ju —Mulleor =D Ilu— e

= lu-

ecf

Here r > %
Crucial lemma:

inf flu—@llo. <Cp " ullie, ue H(e)
pePl,

Q1
linear interpolant
U —uj ||7",e

ullre

) — P (u — ul)He,e



Final estimate

lu—Tullyr = flu— P""l| 7

l_+_7 d
£ 3 = P

f
)l —w) = Pu— )

Combining with the estimates for the projection errors, we get:

Theorem: For every e, there exists a constant C' = O(E_%> such
that,

Ju—Tullir < Cp™"fuflirrr

for r > %




Final remarks

e The H",r > % regularity is necessary to define the linear interpolant
but it does not result in the deterioration of the convergence rate.

e The e and C = O(e%) results from the Trace Theorem and the
localization step and it seems to be unavoidable.

e Bramble-Hilbert argument leads to the corresponding € (sub)-optimal
hp interpolation error estimate.

e The local interpolation at vertices can be traded for a quasi-local
(Clement-like) interpolation. The regularity assumption can then be
lowered tow € H", r > 0.

and ....




The presented results have been generalized to
the whole de Rham diagram

under a conjecture on the existence of H (curl)-extension, polynomial
preserving, operators.




Commuting Projection and (Projection Based)
Interpolation Operators for a tetrahedron and a triangular

face
R — HYT) Y H(cwl,T)n HY(T) Y5 He (v, T) Y3 12
lzd Pl l I1 Pcurl l chrl Pdiv l Hdiv J/ P
+1 A\ V X —1 Vo _
R — £€+1apf+1 - Pgeapf - ng_lape - Pp ’

R — H¥(f) o H (e, f) Y5 HH(f) — 0

lid p%ﬂln lncurl lp

A\ V x

pr+l p _
R — P, — P,/ -5 P2 50




