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A MATRIX-FREE IMPLICIT ITERATIVE 
SOLVER FOR COMPRESSIBLE FLOW PROBLEMS 

A b s t r a c t . A procedure for soìving nonìinear time-marching problems is presented. The 
nonsymmetric systems of equations arising from Newton-type linearizations are sol-
ved using an iterativestrategy based on the Generalized Minimal RESidual (GMRES) 
algorithm. Matrix-free techniques ìeading to reduction in Storage are presented. In-
corporation of a linesearch algorithm in the Newton-GMRES scheme is discussed. An 
automatic time-incrcment control strategy is developed to increase the stability of the 
time-marching process. High-speed flow computations demonstrate the effectiveness 
of these aìgorithms. 

1. Introduction 

Over the years, several solvers have been introduced for obtaining steady 
solutions to the time-dependent Euler and Navier-Stokes equations. Until re-
cently, explicit time-marching solvers have dominated in the CFD community 
because of their simplicity and their low Storage requirements. Unfortunately, 
the time incrernent limitation associated with these solvers leads to very costly 
computations. The role of implicit time-marching solvers has become increa-
singly important and has gained popularity by the introduction of efficient 
iterative techniques. Our objective is to develop a robust solver within the 
framework of a space-time finite element methodology requiring little Storage. 

An outline of the paper follows: In Section 2, we present a generic 
implicit time-marching solution algorithm. Some matrix-free solution techni
ques Ìeading to a substantial reduction in Storage are introduced in Section 3. 
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Linesearch and automatic time-increment control algorithms which increase 
the robustness of the time-marching scheme are described in Sections 4 and 
5, respectively. Numerical experiments in Section 6 illustrate the proposed 
algorithms. Finally, conclusions are drawn in Section 7. 

2. Implicit Ti me- Marc hi ng Solution Algorithm 

At each discrete time tn, space-time finite element discretization of the 
compressible Navier-Stokes equations leads to the following nonlinear problem 
[8, 9]: 

Given the solution vector v^n-i) at time tn-u
 and a time increment 

At, find the solution vector v ai time tn, which satisfies the nonlinear 
system of equations 

G(v; v(n_1)f A*) = 0 (1) 

G is a system of nonlinear functionals of v and of parameters V(n„i) and 
At. This system is solved for v by performing a succession of linearizations, 
leading to Newton's algorithm. This is done via a truncated Taylor series 
expansion of G: 

G(v<"> ; v{„_1)( A() + | | ( v« ; r („_,), A<)p(0 = 0 (2) 

where the solution increment is given by 

r,(.) f ^ + D _ ^(0 ( 3 ) 

v̂ '̂  and v^,+1^ are the approximations of v at iterations i ànd i 4- 1, 
respectively. 

Denote 

R{i) = 6 ( ^ ° ;?(„_!), A4) (4) 

~(0 dG ^a) „ 
= av" ( v ' ' v (« - i ) ' A 0 (5) 

R is the residuai of the nonlinear problem and J is the consistent Jacobian 
associated with R. The linear systems of equation (2) can be rewritten as 

J( V > =-R (0 (6) 
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In general, the consìstent Jacobian in (6) is replaced by a Jacobian-like matrix 
J (see Section 3.1 for the choice of J). Therefore, the linear systems of 
equations that need to be solved read 

J « ^ = - R < 0 (7) 

Hence, the time-marching procedure is performed by looping over the 
discrete times tn. At each of these times, the time increment At is given 
by a time-increment control strategy presented in Section 5, followed by the 
solution of the nonlinear system of equations (1) as described above. The 
complete algorithm is summarized in Box 1. In this algorithm, Nmax is the 
maximum number of time steps; ìmax is the maximum number of Newton 
iterations; and V(0) is the initial guess of the solution. A detailed study 
of time-marching schemes for space-time finite element methods is given in 
Shakib [8]. 

Box 1 - Implicit Time-marching Solution Algorithm. 

Given Nmax, t'max and V(0), proceed as follows: 

(Loop over time) 
For n = l,2,...,JVmax 

(Time-increment control) 
Choose the time increment ài 
(Newton-type algorithm) 
~(0) 

For i = 0,l,...,tmax - 1 
Solve jWpM = -R{i) for p ( 0 

Compute the linesearch coeflìcient A 
^ + 0 ^ v(0 + ApW 

v(„) - v('—) 

3. Matrix-free Solution Techniques 

The system of equations presented (7) is solved using the Generalized 
Minimal RESidual (GMItES) algorithm; see Saad and Schultz [7] and Shakib 
et al. [9] for a detailed description and some applications. One advantage of 
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this iterative algorithm is t'hat the matrix J need not be explicitly formed and 
stored, but instead a procedure for computing the matrix-vector product Ju 
can be used. The coupling of Newton's algorithm and the GMRES algorithm 
will be referred to as the Newton-GMRES algorithm in the remainder of this 
paper. 

3.1 - Choice of the Left-hand-side Matrix 

Use of the consistent Jacobian J as the left-hand-side matrix yields 
in general the fastest convergence to the steady-state solution, provided the 
initial guess is within the radius of convergence of Newton's algorithm. Ex-
perience, however, has shown that for most fluid dynamics problems the use 
of this matrix leads to very poor stability in the initial phase of the time-
marching convergence. One possible way to circumvent this instability is to 
choose J to be the frozen-coefficient Jacobian for the first few iterations 
of the time-marching problem. The frozen-coefficient Jacobian is derived by 
assuming a frozen field, that is the advective and diffusive matrices in the 
Navier-Stokes equations are assumed Constant in the process of differentia-
ting the residuai. We have noticed that the frozen-coefficient Jacobian results 
in a more stable time-marching algorithm, even for an initial guess which is 
far from the steady-state solution. Once the solution is sufficiently dose to 
the steady-state solution, one can switch to the consistent Jacobian for rapid 
convergence. 

3.2 - Matrix-vector Products 

The classical way of performing the matrix-vector products in an itera
tive procedure, sudi as in the GMRES algorithm, is to initially compute the 
entries of the left-hand-side matrix J and store them in core memory. Then, 
the matrix-vector products can be performed explicitly. The use of this tech-
nique in the GMRES algorithm is often referred to as the "linear" GMRES 
algorithm. Unfortunately, the nonlinearities in the Navier-Stokes equations 
make the explicit computation of the consistent Jacobian very difficult and/or 
CPU-intensive. Only the components of the frozen-coefficient Jacobian can 
be evaluated at a reasonable cost. The Storage requirement for large problems 
is a drawback of this technique. Nevertheless, the linear GMRES algorithm 
used with the frozen-coefficient Jacobian has been used successfully in the 
past and will serve as a reference for the numerical experiments. 
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Since the matrix J is a Jacobian-like matrix, it is possible to defìne a 
residual-like vector % such that 

J(v)u = hm — *—*• (8) 

for agiven vector 5. il can be either the residuai fi, in which case J is the 
consistent Jacobian, or a modifìed residuai, in which case the left-hand-side 
matrix is the frozen-coefTìcient Jacobian. In the latter case, H is evaluated by 
using a frozen field. As for the frozen-coefrìcient Jacobian, the advective and 
diffusive matrices are always computed at v, even for the vector H(v-\- eu). 

A formula for evaluating the matrix-vector product J(v)u is derived 
from (8) by choosing a small € and dropping the limit, viz., 

J(v) u « —* '- ^ - (9) 

The choice of e is criticai since sufficient accuracy is needed in evaluating 
the matrix-vector products using (9). A criterion for determining e0pt is 
to minimize the error introduced when computing the forward difference ap-
proximation (8). Gill et al. [5] have derived eQpt in the case of a scalar 
univariate function and their work can be easily extended to the case of a 
multivariate vector function. This technique does not require any knowledge 
of the components of the left-hand-side matrix and it saves a substantial 
amount of Storage. Its implementation into GMRES will be referred to as the 
"matrix-free" GMRES algorithm. 

3.3 - Scaling 

A scaling transformation is required to nondimensionalize and at the 
sanie time improve the conditioning of the linear system Jp= -R. Shakib 
et al. [9] have studied different scaling transformations for the problems un
der consideration and have shown that a nodal block-diagonal scaling is very 
effìcient. Unfortunately, computing the nodal blocks of J using a finite 
difference stencil of the form (9) is too expensive. It is, however, possible 
to get an analytical expression for the nodal blocks of the frozen-coefficient 
Jacobian. It is also possible to evaluate them at the same time as the residuai 
R in order to minimize the cost. Although these nodal blocks are only an 
approximation to the nodal blocks of the consistent Jacobian, experience has 
shown that they perforili almost as well. 
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Defme W to be the nodal block-diagonal matrix of the frozen-coefficient 
Jacobian. Since W is symmetric positive-definite for the problems considered 
bere, it accommodates a Cholesky factorization, denoted as 

r -

w= uTu (io) 

The scaled system of equations can be written as 

Jp=-It (11) 

with 
J = U~T J U"1 , p=Ùp , R = U~T R (12) 

Moreover, defme the scaled residual-like vector 7J(v) as 

ft( v) = U~rK{U~lv) = U~Tn(v) (13) 

where 
v=Uv (14) 

The finite difTerence approximation (9) reads 

j K(y + ep)-K(v) _ U-TK(U-\v + ep))-U-TJÌ(U-\v)) 
e e 

To take full advantage of the scaling in finite precision arithmetic, Jp should 
be evaluated by the second equality in (15) as it is presented, i.e., with no 
simplification. In particular the terni U (v + ep) should not be replaced 
by v+ep. Numerica! experiments have shown a substantial degradation in 
convergence when J p was not implemented as in (15). 

4. Linesearch Algorithm 

In order to increase the robustness of the Newton-GMRES algorithm, a 
control over the step length is required. Several techniques for unconstrained 
optimization have been studied in recent years; see Dennis and Schnabel [2] 
and Brown and Saad [1] for overviews of these techniques. Foilowing the 
ideas suggested in [2], we consider a linesearch backtracking algorithm. The 
idea is to determine the step length by performing the minimization of a 
uni variate function representi ng a measure of the residuai. We give here an 
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algorithmic description of the method and we refer to the above references for 
the theoretical details. 

Defìne the functions 

/(v)=Jfi(vffÀ„"1jR(v) (16) 

and 
/(A) = / ( v + Ap) (17) 

where v is the current solution; p is the step given by the Newton-
GMRES algorithm; and A is the linesearch parameter. The matrix [À0 J = 

block-diag(A0 ,...,À0 ) can be viewed as a metric tensor for computing the 
nomi of R as in (16). For the problems under consideration, (16) is simi-
lar to energy norms used in structural analysis. It is important to note that 
computation of the Euclidian norm of R leads to dimensionai inconsistency 
for general defìnitions of R. 

We bave trivially 

/(0) = f(v) (18) 

/ ( l ) = / ( v + p) (19) 

Moreover, the first derivative of / at A = 0 is 

/ '(0) = V / ( v f p = R(vf \À~0
l\ J (v )p (20) 

Recali that J(v) is the Jacobian of R(v). The matrix-vector product J(v)p 
is computed via the centrai finite difference approximation 

5 f v ) . ^ R(~y+Sp)-RCy-sp) (21) 

with e = (£M)1/3/\\T>\\- The approximation (21) yields higher accuracy for the 
evaluation of the matrix-vector product than the forward difference stendi of 
(9). The choice of e is also greatly simplified. Ilowever, this approximation 
is tvvice as expensive as the forward difference scheme. 

The objective of the linesearch method is to find A G]0,1] such that 
the Goldstein-Armijo condìtion 

/ ( A ) < / ( 0 ) + aA/ '(0) (22) 

is satisfied. Here a G]0, 1/2]. It is always possible to find such a A when 
p is a descent direction, i.e., V / ( v ) r p = /'(0) < 0. Brown and Saad [1] 
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showed that p is always a descent direction when it is the solution of the 
Newton-GMRES iteration with the consistent Jacobian. However, use of the 
frozen-coeflìcient Jacobian does not always yield a descent direction. If p is 
found not to be a descent direction, a wise strategy is to repeat the time step 
with a smaller time increment At. 

The inequality (22) can be replaced by the approximate condition 

/ ( l ) < ( l - 2 < * ) / ( 0 ) (23) 

in order to check if the Newton step (A = 1) is acceptable, without evaluating 
/ ' (0). If (23) is not satisfied, the function / is approximated by a quadratic 
polynomial using the data /(0), /(1) and / '(0), whose minimization yields 

A = , -m . (24) 
2(/(1) - / ( 0 ) - / ' ( 0 ) ) 

If (24) does not satisfy the inequality (22), or if A is too small, a cubie 
^*s. .^S. V*v > ^ 

polynomial fitting /(()), /(A), /(1) and /'(0) is used to evaluate a new A. 
y». ^v. >•-* 

The minimization of the cubie model using the latest data /(0), /(A), /(Ap) 
and / '(0) is repeated until (22) is satisfied; here Ap is the parameter obtained 
from the previous polynomial fìt. The linesearch parameter may be too large 
to achieve a reasonable reduction of the step length. It may also be too small, 
resulting in a slow Newton convergence. Therefore, relative upper and lower 
bounds i]u and i]t on A with respect to the previous parameter Ap are 
imposed. The complete algorithm is presented in Box 2. 
Rernark. The study presented in [2] and our own experience have shown that 
the values a = 10~4, tjt = 0.1 and i]u = 0.5 are appropriate for the problems 
tested. 
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Box 2 - Backtrackìng Linesearch Algorithm. 

Given a, rjt, »;u and EM, proceed as follows: 

A <— 1 and Ap <— 1 

C o m p u t e /(0) and /(1) 
If / ( l ) < ( l - 2 a ) / ( 0 ) , Return 
Compute /'(0) 
If /'(0) > 0, Return (reduce At) 
(Quadratic Approximation) 

A , - / ' (0 ) 
2(/(1) - / ( 0 ) - / ' ( 0 ) ) 

If A < % \ , A <— i)i Ap 

Compute /(A) 
If A > ^ A P and /(A) < /(0) + a A/'(0), Return 
Repeat 

(Cubie Approximation) 

r 1 - h 

A P - A 

1 
A - A , 

A 2 

L A 2 

H 

A2 

/(A) - /(0) - A/'(0) 

/ ( A , ) - / ( 0 ) - A p / ' ( 0 ) 

If a < y/è~M , 

x . - / ' ( 0 ) 

Else 
26 

-6-f (62-3a/ ,(0))1/2 

3a 
If A < rjt Ap , A *- ijt Ap 
If A > iju Ap , A <— 7;u Ap 
Compute /(A) 

Unti l / ( A ) < / ( 0 ) + oA/'(0) 



150 

5. Automat ic Time-increment Control Algorithm 

The linesearch technique presented in the previous section increases the 
stability of the Newton-GMRES algorithm. However, it does not provide 
the necessary robustness during the time-marching process. A control over 
the time increment overcomes this diffìculty. Time-increment selection stra-
tegies bave been applied with success to transient heat conduction analysis 
by Winget and Hughes [10]. Ericksson and Johnson [3, 4] have developed 
time-increment control algorithms based oh a theoretical approach for linear 
and nonlinear parabolic problems. The complexity of the Navier-Stokes equa-
tions currently prevents us from developing a complete theory. We present 
bere a heuristic automatic time-increment control algorithm based on simple 
considerations. 

Let the correction factor at step n be defined as 

y(t») = - ^ - (25) At max 

where At is the current time increment and A<max is the user-specified 
maximum time increment. We want to modify y at each step so that the 
rate of change in the solution v is approximatively Constant, i.e., 

7(*n) = 7(<n-i)min | . |A~i. , v | (26) 

with A v = f v(«n- i)-v(<r.-2); l |Av|h =f (AvT [À0JAv)1/2; 6 is a tolerance 
to be described later; and v > 1 is a factor that limits the growth of 7. 
The factor v eliminates sudden instability that could occur if 7 changes 
too fast from one time step to another. Note that 7 €]0,1] by definition. 
Consequently, (26) has to be modified as 

(27) 

Equation (27) reduces the correction factor when important changes in the 
solution occur, for example when shocks appear in the flow fìeld. On the 
other hand, the correction factor increases to 1 as the solution converges to 
steady-state. The tolerance 6 is defined as 

* = 11¾ (28) 
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where 6 is the tolerance vector. We use a stable and Constant At for 
the first N t'irne steps. At the Nth time step, 6 is chosen to be the 
change in the solution, v(tjsr-\) — V(<AT-2)« For most parts, this definition 
is adequate. However, it does not guarantee that (27) generates stable AJ's 
for ali time steps. A good indicator of possible instabilities is a linesearcli 
parameter A < 1, meaning that the Newton step is too large since At is 
too large. The procedure in sudi a case is to reduce the tolerance vector 6 
and the correction factor j by a factor /i < 1 and proceed to the next step. 
Finally, a lower bound 7min is imposed on 7 to obtain a sufficiently large 
time increment. The complete algorithm is presented in Box 3. 

Remarks: 

1. If a locai time-increment strategy is used (see Shakib et al. [9]), the defi
nì tion of 7 can be changed to 

7(*») = T^J— (29) 

where CFLmax is the maximum CFL number specifìed by the user. 
2. Numerical experiments have shown that the values N = 10, \i — 0.5 and 

v = 1.25 perform well. 

Box 3 - Automatic Time-increment Control Algorithm. 

Given iv", //, i/, A<max, 7min and the current values of n, 6, A and 7, 
proceed as follows: 

(Tolerance) 
Hn = N1 £ ^ 1 ^ - 1 ) - ^ ( ^ - 2 ) 
If A ± 1, 6 «- fiì 

(Correction Factor) 
If A ^ 1 7 <— (i 7 
If n > N and A = 1, 

Av^-v( /„_i ) j -v( /„_ 2 ) 
C o m p u t e ||£||~ and ||Av||2 

Ao Ao 

. / « * " * . \ 

^7m,n[^h:1 
7 <— min(7,1) 
7 <-max(7min, 7) 

(Time Increment) 
At <- 7 A/max 

Return 
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6. Numerical Results 

In this section, we present three numerical experiments to illustrate the 
proposed procedures. 

A locai time-increment strategy was used for ali problems. Only one pass 
was performed in the Newton loop, i.e., «max = 1 in Box 1. The tolerance for 
the GMRES algorithm (etoi as defìned in [9]) was set to 0.1. Ali computations 
were done on a CONVEX-Cl in doublé precision (64 bits per floating point 
word), using 3-point Gaussian quadrature for linear triangular elements. 

6.1 - NACA-0012 Airfoil 

A NACA-0012 airfoil is placed in a Mach 0.85 two-dimensional inviscid 
flow at 1 degree of angle of attack. The coniputational domain and the boun-
dary conditions are depicted in Figure 1, where p is the density; ui and W2 

u • n = 0 

Meo = 0.85 

a= 1° 

P = Poo 
it[ = t̂ oo cosa 

u2 = Uoo s'ma 

Fig. 1 - NACA-0012 airfoil. Problem description. 



153 

are the components of the velocity vector u (not to be confused with the 
u defined in the previous sections); p is the pressure, and n is the vector 
normal to the boundary. The finite element mesh consists of 1,393 nodes and 
2,602 linear triangles (see Figure 2). The pressure contours near the airfoil 
are shown in Figure 3. One can note two low pressure regions followed by 
normal shocks, as is classically seen in transonic flow calculations. 

This problem is converged to steady-state starting from a uniform flow. 
A Constant CFL number of 15 is used. The maximum dimension of the Krylov 
space for the GMIIES algorithm is set to 20. Both linear and matrix-free 
GMRES algorithms were used to solve this test case. For the matrix-free 
GMRES algorithm, the frozen-coeflìcient Jacobian was used for the first 100 
steps. Then, it was replaced by the consistent Jacobian. 

The convergence for both methods as a function of time step is shown in 
Figure 4. The labels "MF-GMRES" and "Lin-GMRES" refer to the matrix-
free and linear GMRES algorithms. The convergence acceleration using the 
matrix-free GMRES algorithm with the consistent Jacobian is particularly 
striking. A thorough study of the convergence has revealed that the non-
convergence of the linear GMRES algorithm is due to the nonlinearities of 
the outflow boundary condition. An important remark is that matrix-free 
GMRES is 2 to 3 times more expensive that linear GMRES to march the 
sanie number of time steps. This is observed to be a general rule for two-
dimensional computations. The explanation can be found by analyzing the 
CPU-time cost of each technique as a function of the number of GMRES 
iterations. For the linear GMRES algorithm, there is an initial overhead 
associated with the formation of the frozen-coefficient Jacobian matrix. The 
cost of computing the matrix-vector products is however low (~ 0.3 times 
the cost of evaluating the right-hand-side vector). On the other hand, the 
initial overhead of the matrix-free GMRES algorithm is lower but the cost of 
a matrix-vector product is equivalent to one evaluation of the right-hand-side 
vector. The break-even point for these two techniques is about three GMRES 
iterations. For both techniques the number of GMRES iterations per time 
step for a typical high speed flow calculation is — 10 — 15. 

Another improvement generated through the use of the matrix-free GM
RES algorithm is the reduction in Storage as can be seen in Table 1. The 
Storage requirements for explicit and column height direct solvers are given 
for referenCe, as well as the Storage requested by ali the modules of the pro
gram. The ratio of memory usage between linear and matrix-free GMRES 
algorithms is about 3 for this two-dimensional computation. We have calcu-
lated this ratio to be of the order of 10 for three-dimensional problems with 
linear tetrahedra. 
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Fig. 2 - NACA-0012 airfoil. Finite element mesh (1,393 nodes; 2,602 elements). 

Fig. 3 - NACA-0012 airfoil. Pressure contours. 
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Fig. 4 - NACA-0012 airfoil. Convergence as a function of time step. 

350 

Tablc 1 - NACA-0012 airfoil. Storage requirement for the solution 
algorithms and the program, in MDytes. 

Explicit MF-GMRES Lin-GMRES Direct 

Solution Algorithm 0.0 1.3 

Lin-GMRES 

21.5 

Total 0.7 2.0 4.9 22.2 

6.2 - Hnlf Cylinder 

This test case consists of a Mach 3 inviscid flow over the front part 
of a cylinder. See Figure 5 for the prescribed boundary conditions, with 
T being the temperature. The computation was done on a 520-node mesh 
(see Figure 6) starting from a uniform flovv. The maximum dìmension of 
the Krylov space was 20. The linear GMRES algori thm was coupled with the 
linescarcli and automatic time-increment control strategies in order to achieve 
a stable convergence. The CFL number was allowed to vary between 0.5 and 
5, starting with 5. The CFL number as a function of time step is presented 
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in Figure 7. Note that the CFL number was reduced to 0.5 at the first time 
step because of possible instabilities at higher CFL numbers detected by the 
linesearch algorithm (see mark a on Figure 7). After the first 10 time steps 
were completed, the tolerance 6 was computed and the auto-A* algorithm 
was activated by the program driver (mark b). Unfortunately, 6 was too 
large and the CFL had to be reduced twice before an acceptable tolerance was 
found (marks e and d). Then, the CFL number progressively increased to 
5 while the bow shock was forming in the flow fìeld. 

P = Poo 

Mi = ^ o o 

«2 = 0 

Meo = 3.0 

Fig. 5 - Half cylinder. Fig. 6 - Finite elements mesh 
Problem description. (520 nodes; 930 elements). 

Convergence diffkulties that resulted from the use of the frozen-coeffi-
cient Jacobian can be seen in Figure 8. In turn, they generate oscillations on 
the CFL number in Figure 7 (mark e). These difhxulties would not exist if 
the consistent Jacobian was used in place of the frozen-coefflcient Jacobian. 
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6.3 - Doublé Ellipse 

This two-dimensional hypersonic problem consists of a shuttle-like geo-
metry defined by two ellipses placed in a Mach 25 inviscid flow at 30 degrees 
of angle of attack. The description of this problem is depicted in Figure 9. A 
first solution was computed on a 624-node mesh (not shown) and was projec-
ted onto a 2,350-node mesh (see Figure 10). The temperature contours are 

P = Poo 
m — Uoo cos30 
u2 — Uoo sin 30 

Meo = 25.0 

Reco/vi = oo 

Fig. 9 - Doublé ellipse. Problem description. 

presented in Figure 11. Note that the strong bow shock and the canopy shock 
could have been better captured with an adaptive mesh procedure. The con-
vergence presented in Figure 12 was obtained by using a CFL number of 2 
for the linear GMRES algorithm. Numerical tests have shown that this is the 
maximum CFL number that could be used with this algorithm. On the other 
hand, the consistent Jacobian was used for the matrix-free GMRES algorithm 
and a CFL number of 2 was set for the first 50 steps, followed by a CFL number 
of 10. This example demonstrates that a better stability, and therefore a fa-
ster convergence of the time-marching scheme, can be achieved for high speed 
flows when the consistent Jacobian is used. This is with the condition that the 
initial guess is sufficiently dose to the steady-state solution. A factor of two 
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Fig. 10 - Doublé ellipse. Mesh (2,350 
nodes; 4,448 elements). 

Fig. 11 - Doublé ellipse. Temperature 
contours. 
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Fig. 12 - Doublé ellipse. Convergence. 
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speed-up in CPU-time is achieved with the matrix-free GMRES algorithm at 
a normalized residuai of IO -3 . 

7. Conclusions 

We have presented a solution algori thm for implicit time-marching sche-
mes. Its robustness and elTìciency bave been enhanced through the use of 
a linesearch procedure and an automatic time-increment control algori thm. 
Matrix-free techniques have eliminated the Storage of the Jacobian matrix. 
Tvvo-dimensional computations of inviscid and viscous compressible flows have 
demoustrated the potential of these strategies. However, three-dimensional in
dustriai problems will provide a better basis for evaluating efficiency. Future 
work will focus on producing a higher level of automation in the choice of the 
Jacobian matrix and the different parameters involved in the strategy. 
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