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Abstract. We consider the approximation of the depth-averaged two dimensional shallow water
equations by two approaches. In both approaches, a discontinuous Galerkin (DG) method is used to
approximate the continuity equation. In the first approach, a continuous Galerkin method is used for

the momentum equations. In the second approach a particular DG method, the nonsymmetric interior

penalty Galerkin method (NIPG), is used to approximate momentum.
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1. Introduction. The shallow water equations (SWE) model flow in domains whose character-
istic wave length in the horizontal is much larger than the water depth. The SWE consist of a first
order hyperbolic continuity equation for the water elevation, coupled to momentum equations for the
horizontal depth-averaged velocities [10]. These equations are often solved on domains with fairly
irregular (land) boundaries.

Various finite element approaches have been developed for the SWE over the past two decades;
see, for example, [7, 6, 5, 9, 11]. Much of this effort has been directed at deriving a finite element
method which is stable under highly varying flow regimes, including advection dominant flows. Most
of these finite element methods are based on continuous approximating spaces. In recent years, finite

element methods which use discontinuous approximating spaces have been studied [2, 3, 1]. This



discontinuous Galerkin (DG) approach has several appealing features; in particular, the ability to
incorporate upwinding and stability post-processing into the solution to model highly advective flows,
the ability to use different polynomial orders of approximation in different parts of the domain (and
for different variables, if so desired), and the ability to easily use nonconforming meshes (e.g., with
hanging nodes). Moreover, the DG method is “locally conservative,” that is, the continuity equation
relating the change in water elevation to water flux, is satisfied in a weak sense element by element.
In this paper, we briefly discuss two approaches for shallow water flow modeling based on dis-
continuous and continuous approximating spaces, additional details can be found in [4]. In the first
approach, we discretize the primitive continuity equation using a DG method, coupled to a continuous
finite element approximation of the momentum equations. This approach is useful when local conserva-
tion is important, and uses discontinuous approximations for the hyperbolic continuity equation, while
allowing for the momentum equation to be approximated using more traditional continuous functions.
In the second approach, we discretize both equations using DG methods. For the momentum equation,
we use a particular DG method called the nonsymmetric interior penalty Galerkin (NIPG) method,
developed in [8]. This approach allows for the flexibility of the DG method to be applied to both

continuity and momentum, if so desired.

2. Problem definition. The SWE consist of the primitive continuity equation and momentum
equations. Unknown variables are depth-averaged elevation ¢ = {(x,t) and velocity u = u(x,t).

Let Q be a bounded domain in IR?, with Lipschitz boundary 89, where n is the fixed unit outward
normal to 92. For the continuity equation, we decompose the boundary of the domain into an inflow
portion 9§ and an outflow portion 9o such that 0Q = Q1 U0No, where 001 = {z € 9N : u-n < 0}
and 0Qo = {z € 00 : u-n > 0}. For the momentum equation, we assume for simplicity Dirichlet
boundary conditions on u are specified everywhere on 9<2.

Consider the following simplified form of the SWE: find ¢ and u such that

OGC+V-(u()=0 (x,t) €Q, t >0, 1)

Bu+ gV —vAu=Ff (x,t) €0, t>0. 2)
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This simplified model contains the primary coupling between the two equations. We will consider

boundary and initial conditions of the form

¢=¢ on 9%, (3)
((x,0) = (o on 2, (4)
u=1 on 91, ()
u(x,0) = ug on €. (6)

Here v is the vertically averaged turbulent viscosity and g is acceleration due to gravity; f represents

body forces.

2.1. Notation and Function Space Properties. Let {74 }r>0 denote a family of finite element
partitions of Q such that no element €2, crosses 2. We assume each element ), has a element diameter
he, with h being the maximal element diameter. Let P*(Q.) denote the space of complete polynomials

of degree k > 1, defined on (..

We denote the trace of a function v € H(f2,) on interior edges ; by v™:

v™(x) = lim v(x + sn;), vt (x) = lim v(x + sn;),
s—0— s—0+

then define
_Lov - - _ gt
v=50T+vT), =T -,
where x € 7; and n; denotes a fixed unit vector normal to v;. Let ). denote summation over all

interior element edges ;.

We will use the L?(R) inner product notation (-,-)g for domains R € IR?, and the notation (u,v)g

to denote integration over one-dimensional surfaces.
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3. The discontinuous and continuous Galerkin formulation. Multiply equation (1) by

arbitrary, smooth test functions v € H'(f2,.) and integrate by parts over each element . to obtain

(0, v)e, — (u(, Vo), +(Cu-ne,v)s0, =0, (7)

where n. denotes a fixed unit normal to each edge 0f2,.

On each (., we approximate ¢ in a space S*(f2,), where P*(Q,) C S¥(Q.), and such that if we

define

Vi ={v:Q— R:vla, €S"Q)}, ®)

then V)¢, the space of continuous, piecewise polynomials of degree k is contained in V},.

Multiply equation (2) by w € (HJ(£2))? and integrate by parts over the domain to obtain

(Bru, w)a + (9VE¢,w)a — Y _(9[¢],w - ni)y, + (¥Vu, Vw)g = (£, w)o. )

%

Note that the stabilization term )_,;(g[¢],w - m;),; is actually zero since we are assuming our true

solution sufficiently smooth to be continuous.

We approximate u in the finite-dimensional subspace W, C (H*())?2 N {u : w = 4 on 00},
consisting of continuous, piecewise polynomials of degree k. That is, each component of u is in V).
Let Wy 5, be the corresponding subspace of (Hg(Q2))2.

Approximate ((-,t) by Z(-,t) € Vi, and u(-,t) by U(-,t) € Wp. Sum (7) over all elements €.,
and let the value of ¢ across inner element boundaries be approximated by the upwind value Z:

Z=, U-n;>0
(2" = on ;.

Z+, Un,SO

The discrete weak formulation is: for each ¢t > 0, find (Z,U) € V}, x W, satisfying Vv € V}, and

Vwe WO,h:



e e

Z(aﬁzav)ﬂe - Z(U Z7 VU)Qe + Z(ZT U- n;, [UD’W + (Zﬁ’ . In‘av>390 = _<é/& . 'fl,’l))aQI, (10)

(atU7w)Q + Z(QVZ,UJ)Qe - Z(g [Z]aw : ni)%’ + (VVU,V’UJ)Q = (f:w)Q (11)

i

The scheme above satisfies the following error estimate [4]:

THEOREM 3.1. For u,( sufficiently smooth, the scheme (10)-(11) satisfies the error estimate, for

e¢c=(—Z ande,=u—-U:
llec (-, T)|| + llew (-, T)|| < K1h*, (12)

where K1 is a constant independent of h and k.

4. The discontinuous Galerkin and NIPG formulation. In this case, on each Q., we will

use the finite dimensional approximating spaces Vj, C H!(Q.) and W, C (H(Q,))? defined by:

Vi ={v:0 > R:vlg, € P¥(Q,)}
Wi ={w:Q— R:wl, € (P (Q))?},
where kS, k* > 1. Approximate ((-,t) by Z(-,t) € Vi, and u(-,t) by U(-,t) € W,

The discrete weak formulation is: for each t > 0, find (Z,U) € V}, x W, satisfying

e e

N (0iZ,v)a, = Y (U Z,Vv)a, + Z(zTﬁ -1, [V

+{(ZU -n,v)sq, + (CA'U “n,v)a0, =0, (13)



D> @U,wa, + Y _(9VZ,w)a, — Y (9[2],W - ni)y, + Y (vVU, Vw)o,

e e i e

- Z (vVU - n;, [w)), + Z (vVw - n;i, [U)); — (vVU - n,w)se

+ <va - n, U - ﬁ’)('?Q + Z(U[U], [w])'Yi

where we have introduced the “interior penalty” term ), (c[U],[w]),; and the “boundary penalty”

term (o(U — @), w)sq- Here o > 0. We assume

2w = O(h5)). (15)

Yi

ag

The scheme above satisfies the following estimate:

THEOREM 4.1. For u,( sufficiently smooth and positive penalty parameter o satisfying (15), the

scheme (13)-(14) satisfies the error estimate [4]

T 1/2
2kS 2k
||e<(-,T)||+||eu<-,T>||SKz{ / Z[hee||<||;g+lme)+hee||u||§,kg+lme>] dt} )

where Ko is independent of h.
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