CONSERVATIVE, SHOCK-CAPTURING TRANSPORT METHODS
WITH NONCONSERVATIVE VELOCITY APPROXIMATIONS

CLINT DAWSON f

Abstract. Conservative high-resolution, or shock-capturing, methods have become widely used
for modeling transport equations described by conservation laws. In many geoscience applications,
the transport equation is coupled to a conservation or continuity equation for a velocity field. De-
pending on how the velocity is approximated, the continuity equation may or may not be satisfied,
either locally or globally. In this paper, we discuss the effect this has on a typical high resolution
scheme, and propose a correction which accounts for the fact that the velocity may be nonconser-
vative. We present several numerical examples, and prove stability bounds and an a priori error
estimate for the corrected method.
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1. Introduction. Consider the transport equation:
1) et +V-(uc) =0, (z,t)€Nx(0,T],

where Q is a bounded domain in IR¢, d = 1, 2, or 3, with Lipschitz boundary 99,
and T > 0. The quantity ¢ might represent, for example, the concentration of some
chemical component, which is transported through the region €2 by the velocity u. The
velocity u often satisfies a related conservation or continuity equation. For example,
in flow through porous media, summing the transport equations over all components
in the fluid, assuming the fluid is incompressible and no external sources and sinks
are present, we obtain the continuity equation

(2) V-u=0.

The same continuity equation also arises in contaminant transport in surface water.
Therefore, as a model problem, we will consider the transport equation (1), where
the velocity satisfies (2). A more general transport equation might include diffusion
and chemical reactions. In this paper, however, we are mostly interested in the ap-
proximation of the velocity u, which enters the equation predominantly through the
advection term V - (uc).

We supplement (1) with an initial condition

(3) c(z,0) = ®(z), on Q.

For boundary conditions, let n denote the unit outward normal to I' = 9§2. We write
I'=T;uUTp, where

(4) Fi={z€dN:u-n <0},
and
(5) To={z€d:u-n>0}
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On the inflow boundary we assume
(6) c=cyp,

where ¢y is specified.

Depending on the initial and boundary data, the solution ¢ may have sharp fronts
or even discontinuities. In recent years, various types of conservative high resolution
or shock capturing methods have been proposed for solving such equations, see [16] for
a survey of such methods in one space dimension. A number of authors have adopted
this type of approach for geoscience applications, see for example [1, 4, 12, 13, 15, 14,
19, 20, 22]. In this paper, we will consider a variant of this approach based on the
discontinuous Galerkin method, as developed by Cockburn, Shu et al in a number of
papers [6, 9, 8, 10, 7].

Given a partition of the domain ) into elements 2., we multiply (1) by a test
function w and integrate over (2,:

(7 /ctwdw—/ cu-de:c+/ u-necwdxr =0,
Q. Q 89,

e

where n, is the unit outward normal to 9€,. Taking w = 1 on ., (7) is simply
a statement that the accumulation of ¢ in 2, is due to what flows in and out of
the boundary, that is, the quantity c¢ is conserved over 2,. The basic idea of the
discontinuous Galerkin method is to approximate ¢ on 2, by a polynomial function
C, and takes w to lie in the same space as C. On 09, ¢ is approximated by upwinding.
This type of numerical approach can be shown to be L? stable and one can also prove
a priori error estimates, see for example [11]. In certain simpler cases one can prove
the scheme satisfies a maximum principle. Numerically, one finds that the scheme
accurately resolves sharp fronts and is stable, provided the higher order polynomial
terms in C' are controlled to prevent oscillations [10].

Suppose the velocity u is approximated by U. Depending on the type of numerical
method used, U may not satisfy (2). The question then is how does this effect the
method? Take, for example, a simple one space dimensional case. In one dimension,
(2) implies that u is a constant. But suppose u ~ U = U(x), which is not a constant,
and assume u,U > 0. Take the domain Q = [0, 1], and partition it into elements
Bj = [xj_1/2,%j41/2] of length h. Approximate ¢ by a constant C; on B;. Using a
forward Euler time discretization with time step At, we obtain the upwind scheme

k+1 k

®) G~ =G | Uy Cf ~ U2 COfa _
At h ’

where At is the time step, k represents the time level t* = kAt, and Ujit1/2 =

U(zj41/2). Now suppose, for example, that C]’-“ = C’]’-“_1 =1, then if U = u we would

have CJ’?“ = 1. However, by (8),

At
9) Cf“ ZI_T[Uj+1/2_Uj—1/2];
which may be quite different from one, depending on how close U is to satisfying (2).
More specifically, suppose the true velocity v = 1 and U(z) = 1+ .05 cos(207z). Then
U approximates u with 5 % error, but the error in U, is much larger, in particular
- < U, < 7. Taking ¢® = 0, ¢r = 1, h = 1/100 and At = .5 x h, we get the
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Fi1g. 2. Approzimate (+) vs. analytic solution at t=.75 with velocity u.

numerical solution shown in Figure 1 for the method (8). This solution is oscillatory
and obviously violates the maximum principle which the true solution satisfies. When
replacing U in (8) by the true u, we get the solution in Figure 2, which is numerically
diffusive but not oscillatory.

Consider a two-dimensional example. Suppose the domain Q is the unit square
and we discretize Q2 into grid blocks Bij = [z;_1/2,Tit1/2] X [Yj—1/2, Yj41/2] Of size
h % h. Furthermore, suppose ¢ ~ C, where C is a constant C;; on B;;. Then, the
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extension of (7) and (8) is
k+1 _ ok
At oB;; J

Now suppose C¥ =1 in a sufficiently large neighborhood of Bjj, so that (C*)* =1,
then

(10)

k+1
Cij+ =1-At BB“U'nide

(11) :1—At/ V- Udsz,
B,’j

which again may not be equal to one, depending on U.

From these examples it would seem highly desirable that however one approxi-
mates the velocity u, the approximation should also satisfy (2), at least in the integral
sense over each element. But satisfying (2) is not always built-in to the numerical
method used to calculate u. For example, when applying a standard Galerkin method
to the flow equation in porous media, the computed velocity will most likely not sat-
isfy (2). Another example comes from surface water hydrodynamics. Many standard
hydrodynamic simulators, for example ADCIRC [17] or RMA10 [2], do not produce
a velocity which satisfies the continuity equation (2). However, when using these
velocities in a conservative, shock-capturing water quality transport code, such as
CE-QUAL-ICM [13], it is usually expected that the continuity condition has been
satisfied. This problem has motivated recent work on projection methods, whereby a
velocity field is postprocessed so that conservation is enforced [5]. Such postprocessing
involves solving an elliptic equation at each timestep the velocity is needed, therefore
it is a time-consuming computation.

In this paper, we present a simple correction procedure to the discontinuous
Galerkin method outlined above which accounts for a possibly nonconservative ve-
locity field. This same correction procedure could be used in any shock-capturing
method. This approach is very easy to implement, and does not involve any modifi-
cations to the approximate velocity field itself. We will prove some stability and error
bounds for the method. Our error analysis is valid for any approximation U to the
velocity u.

The paper is outlined as follows. In the next section, we define the correction
procedure and give some numerical examples. In Section 3, we comment on the
stability of the approach and derive an a priori error estimate. Finally, in Section 4,
a two-dimensional example from flow and transport in porous media is presented.

2. Method formulation. We first define some notation. Let (-,-)p denote the
L?(D) inner product, where we omit D if D = Q. To distinguish integration over
domains D € R4 ! (e.g., surfaces or lines), we will use the notation (-,-)p. Let
|| - ||p,p denote the LP(D) norm, where again we omit D if D =  and we omit p if
p = 2. Norms in other Sobolev spaces W (D) are denoted by || - ||w(p)-

The “corrected” method for a nonconservative velocity field is motivated by the
following simple observation. By (2), (1) can be written as

¢ +u-Ve=0.
If U ~ u, then
(12) Re+U-Ve=c+V-(Uc)—cV-U.
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F1G. 3. New method with velocity U (solid line), with true velocity u (+) and analytic solution
(*) at t=.75.

Thus the “correction term” is —cV - U.

Let us revisit (8) with this correction term added. The method is now

CF —Of | UpnapaOf = Upapa O
At h

Uiv12 =Ujo1p2

(13) - =0.

1
— C]’?Jrl

First, note that if Cf = C}_, = any constant C*, then C’J’.chl = C*, as it should be. If
we apply this new method to the problem whose results are given in Figures 1 and 2,
we obtain the result in Figure 3. Here we have plotted the numerical solution given by
(13) as well as the numerical solution obtained from (8) with the true velocity u = 1.
Notice that there is virtually no difference between the two solutions.

We now describe a general corrected method for a discontinuous Galerkin approx-
imation of (1) in semidiscrete form. Let {7,}p>o denote a family of finite element
partitions of Q such that no element ). crosses the boundaries of I'; or I'p, where
he is the element diameter and h the maximal element diameter. We also assume
that each element 2, has a Lipschitz boundary 9€Q.. Let n. denote the unit outward
normal vector to 9f),, with n, = n on I'. Then, for z € Q. we define

w(x) = sl_i>r(r)1— w(z + sne),

and
*(

z) = lim w(x + sn,).
)= Jimm, wl )

Let W, C H'(f,) denote the set of all polynomials of degree at most k. defined on
Q..
On ., we approximate c(-,t) by C(-,t) € W}, ., where C satisfies

(14) (C(-,0) =, w)o, =0, weE Wy,



6 Dawson

and for ¢ > 0,
(15) (Cy,w)a, — (UC,Vw)q, + (C*U -ne,w™ Yaa, — (CV-U,w)a, =0, w € Wp.
Here, the upwind value C* is determined on 0f2, by

u C_7 U - TNe 2 07
(16) ¢ _{C+, u-ne <0,
with CT = ¢; when 09, intersects I';.

As we will see below, our new approach satisfies similar stability bounds to the
numerical solution obtained with the analytic velocity u. The accuracy of the ap-
proach depends of course on how well U approximates v and how closely U satisfies
(2).

As we noted above in the one dimensional case, if C(-,¢) is a constant in the
elements around ., then C(-,t + At) should equal this same constant in Q., for At
sufficiently small. For example, suppose at some time ¢, C' = 1 in a sufficiently large
neighborhood of 2, so that C* = 1 on 952, when evaluated explicitly. Taking w =1
in (15), we find that

(17) (Ce, Do, — (CV -U,1q, + (U -ne,1)pa, =0.

Integrating in time from ¢ to ¢t + At and evaluating the second term in (17) implicitly,
we find,

(C('at + At)a 1)Qe - At(C('at + At)v ' Ua I)Qe + At(v : U7 l)Qe = (C(a t): I)Qea
or
(CCt+ A1 — AtV -U), 1)q, = (1 — ALV - U, Dq, .

Thus C =1 on (..
One drawback of (15) is that it is no longer globally conservative. Setting w =1,
summing over all elements, and integrating in time we have

C(-,t)dr = /coda:
L come=x ),
t
—/ V erU - ndsdt + C‘U-n—Z/ CV -Uda
0 Iy To o Ja.

The last term on the right hand side is the conservation error, and the magnitude of
this term obviously depends on how close V - U is to zero.

Before concluding this section, we present a few more numerical examples based
on the one dimensional case discussed above. First, assume the error in the velocity
is increased by setting U = 1 4 .1cos(207z). In Figure 4, we have plotted three
numerical solutions: 1) the method presented above, 2) the method without the
correction term, and 3) the method with the analytic velocity u = 1. Note that
solutions 1 and 3 are again very close, while solution 2 is highly oscillatory. Next,
we assume U = 1+ .1sin(207z). The same three solutions are plotted in Figure 5,
and similar behavior is observed. In this case, since U(0) = u(0) and U(1) = u(1),
the solution without the correction preserves mass in the same way that the solution

dt.
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1.4

F1G. 4. New method with velocity U = 1 + .1cos(20mx) (+), with true velocity u = 1 (*) and
without correction (solid line) at t=.75.

F1G. 5. New method with velocity U = 1+ .1sin(207z) (+), with true velocity u (*) and without
correction (solid line) at t=.75.

with U = u does. In Figure 6, we show the same three cases with A = 1/1000. In this
case, solutions 1) and 3) are much sharper, but solution 2) is still very oscillatory.

The accuracy of the corrected method does of course depend on the accuracy
of the velocity approximation, as we will see in the analysis below. Suppose we
dramatically increase the error in the velocity, by setting U = 1 + .5sin(207z). In
Figure 7, we compare solutions 1 and 3 for h = 1/1000, and see that the solutions are
very far apart.
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F1G. 6. New method with velocity U = 1+ .1sin(207z) (+), with true velocity u (*) and without
correction (solid line) at t=.75; h = 1/1000.
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F1G. 7. New method with velocity U = 1 + .5sin(20nz) (+), with true velocity u (*) and true
solution (solid line) at t=.75; h = 1/1000.

3. Stability and error analysis. In this section we present some stability
bounds and a priori error estimates for the method (15) above.

Assume the CFL constraint

(18) ulAt

Consider the one-dimensional case discussed in Section 1. If U = u > 0, and C*, =

max
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max; |C¥|, then by (13),

ult

(19) CiH = |6 - = [¢F = €3]
= ‘(1 — UTAt> Cy+ UTNCJ’-‘,l
< (1= et + 5 et
< (1—“TM+“TM> Chhax
=ck

max’

where we have used (18) to note that 1 — uAt/h > 0. Thus max; |C]’-“+1| <Ck...
Now assume u =~ U(z) > 0, and

(20) 0 < max At(i(m) <1
Then rearranging terms in (13),
At
(21) ‘1 = 5 WUisyz = Ujoay2) [eanl
AtU; AtU;_
=|[1- 2] cp 4 Sy

At
< [1 - T(Uj+1/2 - Uj1/2)] Cl o>

since, by (20),

At At
(22) 0< 1= —Ujpijp <1= = (Ujr2 = Uj-1p2).

Thus by (21),
(23) [CFH < Chaxs

and our corrected method also satisfies the L> stability bound.

Next, we derive an a priori error estimate for the general method (15). We assume
U is any approximation to the true velocity u, and U may or may not satisfy (2).
We will compare C to Ile, where Ilc is the L2((2.) projection of ¢ into W e, which
satisfies

(24) (c—Tc,w)g, =0, w € Wy.

We also define IIc¢* similar to C*, see (16).
Define v = C — Ile, and § = ¢ — [le. Then, subtracting (7) from (15), and
rearranging terms, we find

(25) (¢, w)a, — (U, Vw)a, + (P"“U - ne,w™)oa.
= (0, w)q, + (U — uw)lc, Vw)q, — (ub, Vw)q, + {(c — TIc*)U - ne, w ™ )aq,
+{c(u—U) ne,w Yoo, + WV -U,w)q, + (IlcV - U,w)q, .
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Below we will sum (25) over all elements in the mesh. Let -; denote an interior
edge in the mesh, and let n; denote a unit vector normal to ;. For = € v, let

wl = lim w(z + sny),
s—0—
and
wh = lim w(z + sny).
s—0+
Define
[w] = wf — wh,
and

1
w= E(wR + wh).

We also note that, consistent with the definition (16) above,

wu_{wL7 U‘anOa

(26) wf, U-n; <.

Let w? denote the “downwind” value on +;, then

@ v ={ T Uiz
Suppose 02, intersects an interior edge 7;. Then, if n, = ny,

(28) (WU - ne,w Yo,y = (WU - ni, w"Ys0, 0
otherwise

(29) (WU -~ ne, w Yo, = — (WU -1y, w) a0, -

Either way, summing over all elements whose boundaries intersect -;, we find

(30) Z(qu N, U’i)@Qeﬂ’n = —(w"U -my, [U’Dm-

€

In order to carry out the error estimate, we assume
A1. The velocity U satisfies the same conditions as u does on the inflow and outflow
boundaries I'; and I'p.
A2. For h sufficiently small,

1
TV -Ulloo < 5,

where T > 0 is the final time.
Summing (25) over all elements, and setting w = v, we find

B (@ Y)e. — U, Vel = D (U - g™, [¢)y, + (U -nyp™, 97 )r,

e l
= [0, ¥)a. + (U - w)le, V)a, — (ub, Vib)a, + (V- U, %),

+(eV - U, $)a,]
= DU - mule = T0e®), [g])y, — {(u = U) - muc, [$]),]
l

+(U-n(c—Te™),¢ 7 )ro +{(u—-U) -ne,¢ ).
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Consider

(32) — S0 0 W)y = —5 S 1, (6~ WD — ST, Bl

1 1

By (16) and (27), the first term on the right of (32) becomes

1
2 Z(W “m, [Y]°) 5,
l
The second term becomes

__ZU i, ()2 Z/ V- (U)de — (U, ()
=§Z:/QE(V-U)¢ dm+ze:/QE¢U-V¢dx

1 _ 1 _
300U a1l @) = 54U (0o
Thus, the second, third and fourth terms on the left side of (31) combine as follows,

(33) = U, Vo, = (U -, 9 [¢), + (U -1, (7)),

l

- %ZGU “mul, [Y]%)y, + %(IU -nl, (7)), + %(U 1, (7)),
% Z(v U4,

l e
Substituting (33) into (31), we obtain

64 YW b)a, +5 SN0l [P + 300 0l (57

1
=3 |61t + (@ = we, Vo, - w8, V). + 5(7 U,

+(eV - U, 9)a.]
- Z [<U : nl(c - ch)a [¢])’Y: - <(u - U) s ¢, [¢])’Y:]
l

+{(U -n(c—Tc™), ¢ )ro +{(u—U) -ne, 9 ),
=T +...To.

We now analyze the terms 77 through 7y.

In the arguments below, let t* € [0,7] denote the time at which [|¢(-,2)|| is
maximized. Let K denote a generic positive constant, and € a generic small positive
constant. We will also use the standard inequality,

K , 1.,
< —a?4+ = € .
ab 2a 5 b*, a,beR,K >0
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First, by the definition of Ilc,

(35) ’TI = Z(at,¢)ﬂe =0.

e

Next,

T = Z((U —u)lle, Vib)q,

= S (U — w)(e - 6), Vo)a.
< ST = ulla, (lelloo + 1B1]0) [V4]l0. ]

For ¢ smooth,
llelloo + [10llo0 < K.
By standard inverse estimates for polynomials,

(36) IVella. < KhtYlle.,

Thus,

T < K b0 = ulle. l[¢]la.
Integrating in time,
(37) / Todt < el 1|2 + K (t* Zh 2\\U — ull2,.
0

For the next term, let Ilgu denote the projection of each component of u into
piecewise constants,

(u — Tyu, 1)g, = 0.
Thus,
llu — oul|oo 0. < K||ullwz, he-
Then, by the definition of Il¢, and (36),
Ts =Y (ub, Vo,

= ((u—Tou)d, Vi)e,

<K hellflla.lI VY.

<Ky |8l 195, -
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Integrating in time,

. - 2
(38) / Tsdt <e|ly(,t")|* + K (/ ||0(-,t)||dt> :
0 0
Continuing,
1
771 = 5 Z(v : Ua ¢2)Qe

e

1
< IV - Ulleol [

Thus, by assumption A2, for h sufficiently small

t* 1 t*
(59) | Tt <59 Ul [ llwlPae
0 2 0
t* X
< DUV UlleelboC )P
1
< IR P
Similarly,
t* t*
(40) | mae= [ Y mev v,
0 o =
= [ Tie-0v-vn.
)
< [ ello +11611) 11V - Ul Il
S K@) NIV -Ullg, + el )]
Next,

(41) Te = — Z(U ' nl(c - HCU)a W])m

l

. 1
SKY U (e =T, + 3 D INU - mal P[],
l

l

For the next term, we need the following result, which can be found in [3]
Q. has a Lipschitz boundary,

(42) 1¥l13. < IlWlle. 1]l @.)-

Consider

7-7 = Z((u - U) s e, W’])’n
l
<K (w=U)-mul || ] |1,
l

13

. Assuming
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<K ||(uw—U) ]y, ( 3 ku&ﬂwu}ﬁ(m))
l

e:0Q. Ny #£0

e:0Qe Ny £0

SKZH(U—U)-mIlm( > helﬂnwme)

l

SKZh;”?n(u—U)-mnm( 3 ||¢||Qe>,
l

e:0Q. Ny £0
where
h; = min  h,.
e:0Q. Ny #£0
Integrating in time, we find
(43) | T < K@ S h = 0) -l + el 1
l
Similar to 7,
(44) Ts = (U -n(c—Ic™), % ),

_ 1 _
< KU -n'?(e - Te) R, + 7! U - a4 |12, -
Similar to 77,

To = {c(u —U) -n,9 " I,
= Z {c(u—=U) -n,¥ Voa.nre

e:0Q.NCo#0
<K > |l(w=0U)-nllag.nro 1Y [loe.re
e:0Q.NCo £0
<K > h7P(u=U)-nllse.nro ¢,
e:0Q.NCo#0

Thus

(45) /Omtsm*)? S (=) nlBa.nre + el )]

e:0Q.NT o #0

Integrating (34) in time, inserting the bounds (35)-(45), choosing e sufficiently
small, we find

(46)  |[p(t)|* < K(*)* D [p 2NV —ull, + 11V - U3, ]
+EE)?Y by Hi(w—U) -2,
l

+K(t*)? Z he Hl(w = U) - 1l 30, aro
e:0Q.NCo#0
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"
+K/ lZII U - (c = Te")|2, + || U - n|*/?(c — TeT)| [, | dt
0 i

+K</ ||e<-,t)||dt> -

Let
k = min k,
e

then for ¢ sufficiently smooth, the last three terms on the right side of (46) are
O(h2k+1). Therefore, we have the following result:

THEOREM 3.1. If assumptions A1 and A2 hold on the approximate velocity U,
and ¢ and u are sufficiently smooth, then

max || (-, 1)|> < KT* ) [h*||U —ull, + 11V - Ulla,]

0.7] -

+ET?> b Y|(w—=U) -,
l
+KT? Y b =U) - nl3q,ar, + KR
e:0Q.NCo#£0

4. A two-dimensional example. In this section, we consider the application
of the method above to the problem,

ct—l—V-(uc) =fc7 ($7t) € x (OaT]a

where Q@ = [0,1] x [0,1] and f is a smooth source term. We assume the velocity
u = (u”,uY) satisfies

(47) V-u=f.
We also assume there exists a potential p such that
(48) u= —KVp,

which is the well-known Darcy’s Law in porous media flow, where K is the hydraulic
conductivity of the porous medium, or the ratio of the permeability of the medium
to the fluid viscosity.

Choosing a time step At, discretizing € into uniform grid blocks

Bij = [Ti—1/2, Tiy1/2] X [Yj—1/2,Yj41/2]

of size h?, and approximating c(-,#*) on Bj; by a constant C};, we obtain the upwind
scheme

k+1 k T k U _ T k u
G —C5 ui+1/2,j(Ci+1/2,j) uz’—l/2,j(Ci—1/2,j)

At h

k k
g 12 (O i) = i i n(CF5 1 po)"

h

(49)

+ = fCE.
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Here (Cf+1/2’j)“ is the upwind value of C* at (2412, ¥;), U711 /o, ; 18 the average value

of u® over the edge * = @it12, ¥j_1/2 < ¥ < Yjy1/2, and fi; is the average value of f
over B;j, so that from (47),
(50) hfij = Uiiaya; = U125 T8 1 = Ui

We now demonstrate that the method (49) satisfies a maximum principle. Let

at = sign(uiy /2 5)s

and
bt = sign(ugjil/2).

Then (49) can be rewritten as

At at +1 at —1
ij“(l - Atfij) = Czkj T [“2’11/2,]‘ { D) Cf' - Czk+1,j}
a + 1 k a — 1 k
g Vi T T g CM}

{
{b++1
{

x
—Ui_1)2,j

Yy
tuijre \ "o i T 5 Cign }

—Ui; 1y
or
(51) ij—’_l (]. — Atf”) = aCZ + 'BC{C‘FLJ’ + pCzlc—l,j + Uczk,j+1 + h'/Cf’j_l,

where

At [, at+1 a” -1
(52) a=1- 5 [Ui+1/2,jT T U125
v bvr+1 b- -1
TUijrz g T Y12y |
At at —1
(53) B = Tuf+1/2,]‘Ta
At a +1
(54) p= 7%’—1/2,,‘7;

At b1

(55) 7= Y2 g
At , b +1
(56) K= T’U/i,j_l/2T

For At satisfying the CFL constraint

24t
h

we find that a > 0. By definition, 3, p, 0 and k are nonnegative. Therefore,

(57) (1u”lloo + [[u¥]loo) < 1,

O<a+fB+p+o+k

At

5 [ufﬂ/z,j — Ui 1/25F U1~ Y1y
(58) =1-Atfy,

=1-—-
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by (50). Let

Craae = max O],

Then, by (51) and (58),
|CEFH (1= Atfy) < (a+B+p+0+K)CE,,,
= (1 = Atfi;)Crax-
Hence, we have the stability bound

k1 k
(59) IG5 < C

ax*

Now, suppose we approximate u by U, then the maximum principle argument
above carries through with U replacing u up to the conclusion (59). In order for (59)
to hold, we need

(60) hfij = Uiz+1/2,j - Uz'z—l/Z,j + U'lfj+1/2 - U'ljj_l/Q = (V- U)ij-

2 2

Suppose (60) is only satisfied approximately, then we modify the scheme (49) by
adding the correction term ij“ (V - Ui;j — fij) to the right hand side, obtaining

7 2 2

k x k u T k u
(61) Cit = Cf, + Ul1/2,(Citaya3)" = Uilli 2 i (Cilyja )

At h
Uz'lfj+1/2(cz!c,j+1/2)u - Uz'g{j—lﬂ(cﬁj—l/z)u

+

= (V : U)ijcin-

h

That is, the corrected method amounts to replacing f;; on the right side of (49) by
(V-U);;. Thus, we find for the corrected method

(62) CEF'(1— AV -U)ij) = aCf; + BCYy ; + pCF 1 j +0CF ;11 + KCF

i,5—1

where a, 3, etc., have the same definitions as before with u replaced by U. Following
the argument that led to (59), we find that the corrected method (61) satisfies the
same stability bound, assuming At satisfies the CFL constraint

2At
S (107l + ([0l < 1.

We conclude with a numerical example. We assume (47) with the source function
(63) flz,y) = e—lOO(z—.05)2(y—.05)2 _ e—loo(z—.95)2(y—.95)2_

We take as the initial condition a step function

1, 0<z<.1,0<y< 1
0 _ ) = = yV = )
(64) c(@y) = { 0, otherwise.

We assume K = 1 in (48), and assume the boundary condition

(65) u-n=0,
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on 00). We approximate the velocity two different ways. In one case we apply the
mixed finite element method with lowest order Raviart-Thomas approximating spaces
[18] to the system (47)-(48). Using certain integration rules, this method reduces to
a cell-centered finite difference scheme for the potential p [21],

Piv1j =2Pi+Pivj  Pijy =285+ Pij

(66) - h2 - h2 = fz];

where P;; =~ p(z;,y;) and (2;,y;) is the midpoint of B;;. The no-flow condition (65) is
enforced through the difference scheme as follows. For ¢ = 1, for example, we modify
(66) to be

Pyj— Py Py —2Py+Pja

T R? - h2 = fj-

The numerical velocity U = (U*,UY) for the mixed finite element is computed by

Piy1j— Py
(67) oy = _%7

with a similar definition for Uiy]. +1/20 and the no-flow condition is enforced by setting,
for example, U}, ; = 0. By (66) and (67), U satisfies (60) over each element.

In the second case, we note that (47) and (48) imply that
and approximate p by a point-centered finite difference scheme:

Piyssajr12 —2Pivis2,541/2 + Pic1/2,5+1/2
2

Piv1/2,543/2 — 2Piy172,54172 + Piy1j2,5-172
o 2 = fit1/2,j+1/2>

(69) -

where P15 j11/2 & P(Tit1/2,Yj+1/2)- The scheme (69) is modified similarly to (66)
to weakly enforce the no-flow boundary condition. This point-centered scheme can
be derived from the standard piecewise linear Galerkin finite element method applied
to (68), on a mesh obtained by dividing each block B;; into two right triangles, with
all diagonals oriented from lower left corner to upper right corner (or vice versa). We
approximate the velocity (uf, /2,5 for example) similar to (67) by setting

Pit1,j = Pij

(70) Ui$+1/2,j ST L

where

Pij = (Piy12,541/2 + Pic12 44172 + Piv1ja,j-1/2 + Pic1y2,5-1/2) /4

We again enforce (65) directly, by setting, for example UY/y,; = 0- The equation (70)
is only one of several post-processing techniques that one could use to calculate the
numerical velocity; this particular approximation does not satisfy (60).

In Figure 8a, the approximate solution C' from the method (61), obtained on a
40 x 40 uniform grid at time T = 10 (about 20 times steps), with the mixed finite
element velocity approximation (67), is contoured. The contour levels, from right
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a) Mixed method velocity. b) Velocity given by (70).
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F1G. 8. Comparison of solutions at time T'= 10 on 40 X 40 uniform grid.

to left, range from .1 to .9 in increments of .1. In Figure 8b, the solution obtained
from the same method, using the velocity approximation (70) is plotted. We see good
agreement between the two solutions, with the solution front in Figure 8b slightly
more advanced than that of Figure 8a, indicating that the solution in Figure 8b has
slightly more mass. In fact, the total mass for this solution is .199, while the solution
in Figure 8a has mass .184. Total mass is computed as

total mass at time t = / C(z,t)dx.
Q

The solutions for the two cases on an 80 x 80 uniform grid at the same time are given
in Figures 9a and 9b. These solutions have better resolution than those given in the
previous figures. The two solutions at later time, 7" = 30, are given in Figures 10a
and 10b. The total mass for the solution in Figure 9b is .1925, while the total mass
in Figure 9a is again .184, thus the difference in the masses has decreased from the
40 x 40 case. The masses for the solutions in Figures 10a and 10b are .547 and .577,
respectively.

Since the source function f is smooth, we expect that the pressure P generated
by (69) is second order accurate, and the velocity U perhaps only first order accurate.
However, the error in V - U for this case also seems to be approaching zero as the
mesh is refined. For 10 x 10, 20 x 20, 40 x 40 and 80 x 80 uniform grids, the error
||f =V -Ul|oo was found to be 1.09 x 1073, 4.99 x 1074, 1.75 x 10~* and 4.64 x 10>,

Finally, we remark that the method (49), with the nonconservative velocity ap-
proximation (70), gives a significantly different solution than the ones in Figures 9a
and 9b, as shown in Figure 11. Therefore, simply adding the correction term to (49)
seems to give a much more physically realistic solution.

REFERENCES

[1] T. ARBOGAST, S. BRYANT, C. DAwWSON, F. SaAF, AND C. WANG, Computational methods
for multiphase flow and reactive transport problems arising in subsurface contaminant
remediation, J. Comp. Appl. Math., 74 (1996), pp. 19-32.



20 Dawson

a) Mixed method velocity. b) Velocity given by (70).
0ot 1 osf ]
ost 1 ogf ]
0.7F 1 0.7F 1
0.6 1 0.6[ 1

>0.5

1 >05

0.4

03

0.2

0.1

F1G. 9. Comparison of solutions at time T'= 10 on 80 x 80 uniform grid.

a) Mixed method velocity. b) Velocity given by (70).
0.9f 1 0.9F 1
0.8 - 0.8 4

0.7 q 07

0.6 q 06
>0.5 1 >05
0.4
03
0.2

0.1

F1G. 10. Comparison of solutions at time T = 30 on 80 x 80 uniform grid.

[2] R. BERGER, W. MARTIN, R. MCADORY, AND J. SCHMIDT, Galveston bay 3d model study, chan-
nel deepending, circulation, and salinity results, in Proceedings of the 3rd International
Conference on Estuarine and Coastal Modeling, Sept. 8-10, Oak Brook, IL, 1993, pp. 1-13.

[3] S. BRENNER AND L. R. ScoTT, The Mathematical Theory of Finite Element Methods, Springer
Verlag, New York, 1994.

[4] Q. CEEN, D. ZHAO, I. G. Q. TABIOS, AND H. W. SHEN, 2D coupled water quality model
for industrial effluent transport, in Proceedings of the 1998 International Water Resource
Engineering Conference, vol. 2, ASCE, 1998, pp. 1637-1642.

[5] S. CHiPPADA, C. DAWSON, M. MARTINEZ, AND M. F. WHEELER, A projection method for
constructing a mass conservative velocity field, Comput. Meth. Appl. Mech. Engrg., 151
(1998), pp. 105-129.

[6] B. CoCKBURN, S. Hou, AND C. W. SHU, TVB Runge-Kutta local projection discontinuous
galerkin finite element method for conservations laws IV: The multidimensional case,
Math. Comp., 54 (1990), pp. 545-581.



Nonconservative Velocities and Transport 21

0.9F R

08F q

0.6f R

04 4

0.2 q

0.1

|

Fi1g. 11. Scheme (49) with nonconservative velocity (70) at T = 10 on 80 X 80 uniform grid.

[7] B. COCKBURN, S. Y. LIN, AND C. W. SHU, TVB Runge-Kutta local projection discontinuous
Galerkin finite element method for conservations laws III: One dimensional systems, J.
Comput. Phys., 84 (1989), pp. 90-113.

[8] B. CockBURN AND C. W. SHU, TVB Runge-Kutta local projection discontinuous Galerkin
finite element method for scalar conservations laws II: General framework, Math. Comp.,
52 (1989), pp. 411-435.

, The Runge-Kutta local projection P! -discontinuous Galerkin method for scalar conser-

vations laws, M2AN, 25 (1991), pp. 337-361.

, TVB Runge-Kutta discontinuous Galerkin finite element method for conservations laws
V: Multidimensional systems, J. Comput. Physics, 141 (1998), pp. 199-224.

[11] C. DAWSON AND V. AIZINGER, Upwind mized methods for transport equations. Computational
Geosciences, to appear.

[12] H.-J. G. DIERSCH, Shock-capturing finite-element technique for unsaturated-saturated flow and
transport problems, in Proceedings of the 12th International Conference on Computational
Methods in Water Resources, vol. 1, Computational Mechanics Publications, 1998, pp. 207-
214.

[13] M. S. DortH, C. Ruiz, T. GERAL, AND R. W. HALL, Three-dimensional contaminant trans-
port/fate model, in Proceedings of the 5th International Conference on Estuarine and
Coastal Modeling, ASCE, 1997, pp. 75-89.

[14] C. GALLO AND G. MANZINI, 2-D numerical modeling of bioremediation in heterogeneous satu-
rated soils, Transport in Porous Media, 31 (1998), pp. 67-88.

, Mized finite element/volume approach for solving biodegradation transport in ground-
water, Int. J. Numer. Meth. Fluids, 26 (1998), pp. 533-556.

[16] R. J. LEVEQUE, Numerical Methods for Conservation Laws, Birkhauser, Basel, 1992.

] J. R. A. LUETTICH, J. J. WESTERINK, AND N. W. SCHEFFNER, Adcirc: An advanced three-
dimensional circulation model for shelves, coasts and estuaries, tech. rep., Department of
the Army, U.S. Army Corps of Engineers, Washington, DC, 20314-1000, December 1991.

(18] P. A. RAVIART AND J. M. THOMAS, A mized finite element method for second order elliptic
problems, in Mathematical Aspects of Finite Element Methods: Lecture Notes in Mathe-
matics, I. Galligani and E. Magenes, eds., vol. 606, Springer-Verlag, Berlin, 1977, pp. 292—
315.

[19] S. SANKARANARAYANAN, N. J. SHANKAR, AND H. F. CHEONG, Three-dimensional finite differ-
ence model for transport of conservative pollutants, Ocean Engineering, 25 (1998), pp. 425—
442,

[20] P. SIEGEL, R. MOSE, P. ACKERER, AND J. JAFFRE, Solution of the advection-diffusion equation
using a combination of discontinuous and mized finite elements, Int. J. Numer. Meth.
Fluids, 24 (1997), pp. 595-613.

[21] A. WEISER AND M. F. WHEELER, On convergence of block-centered finite differences for elliptic
problems, SIAM J. Numer. Anal., 25 (1988), pp. 351-375.

(9]

[10]




22 Dawson

[22] D. ZuAo, J. S. LA, AND W. S. HSIEH, Two-dimensional contaminant transport model with
high resolution upwind scheme, in Proceedings of the 1994 ASCE National Conference on
Hydraulic Engineering, ASCE, 1994, pp. 135-139.



