CONVERGENCE OF A FULLY CONSERVATIVE
VOLUME CORRECTED CHARACTERISTIC METHOD
FOR TRANSPORT PROBLEMS*

TODD ARBOGAST! AND WEN-HAO WANGH

Abstract. We consider the convergence of a volume corrected characteristics-mixed method
for advection-diffusion systems. It is known that, without volume correction, the method is first
order convergent, provided there is a non-degenerate diffusion term. We consider the advective
part of the system and give some properties of the weak solution. With these properties we prove
that the volume corrected method, with no diffusion term, gives a lower order convergence rate of
O(h/VAt + h + (At)"), where 7 is related to the accuracy of the characteristic tracing. This result
compares favorably to Godunov’s method, but avoids the CFL constraint, so large time steps can be
taken in practice. In fact, Godunov’s method converges at O(hl/z)7 which is our result for At = Ch,
where now C' is not limited. However, the optimal choice, At = C’hz/(z“rl)7 gives a better rate
O(h2"/(27"+1)) than Godunov’s method, e.g., O(h2/3) if r = 1. We also prove the existence of, and
give an error estimate for, a perturbed velocity field for which the volume is locally conserved.
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1. Introduction. We consider the problem of incompressible dilute miscible
tracer transport, as might arise in a porous medium application (or similarly in a
shallow water or atmospheric system). On a confined and bounded domain Q C R%, a
dilute miscible tracer of concentration ¢(x,t) in an incompressible bulk fluid moving
according to the velocity field u(x,t) satisfies the advection-diffusion system

(1.1) V-u=gq in Qx J,
(1.2) (¢c)t + V- (cu— DVe) = q.:=crqt +ecq~ inQxJ,
(1.3) u-v=>0 on 0Q x J,
(1.4) ¢(x,0) = %(x) in ,

where J = (0,00) is the time interval, ¢ = q(x,t) represents isolated external sources
qt = max{q,0} > 0 and sinks ¢~ = ¢ — q7 < 0, ¢ = cs(x,t) is the injected
concentration, ¢ = ¢(x) € [¢«, 1] (¢« > 0) is the the storage factor of the medium
called porosity, D = D(x) is the diffusion-dispersion tensor (assumed bounded and
positive definite), c® = ¢(x) is the initial concentration, subscript ¢ is time partial
differentiation, and v is the outward unit normal vector with respect to 9. The
meaning of a dilute tracer is that we assume ¢ does not change the overall velocity u.

Note that we have two fluids in this problem: the tracer fluid and the ambient
fluid. The mass conservation principle requires that we conserve both fluids locally
over regions of space. Since the fluids are incompressible, we can more easily de-
scribe the situation as (1) local mass conservation of the tracer ¢ and (2) local volume
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conservation of the combined fluid. Numerical methods should respect both these con-
servation principles over the computational mesh (i.e., locally). We call such methods
fully conservative.

Moving mesh and characteristic methods have been developed to exploit this
observation and thereby avoid any CFL constraint. Characteristic methods became
viable in 1982 when Douglas and Russell introduced a Lagrangian formulation called
the Modified Method of Characteristics (MMOC) [12, 13, 9] (see also [19]). Because
MMOC is based on points, it violates both local mass and volume constraints. A
modification of the method (MMOC with Adjusted Advection) produced a global
mass balance [10, 20], but not a local mass balance.

Eulerian-Lagrangian schemes have been developed to approximate the advection-
diffusion equation (1.2), using Lagrangian characteristic methods for the transport
and a fixed Eulerian grid for the diffusion. Included are the Eulerian-Lagrangian
localized adjoint methods (ELLAM) [5, 7, 21, 23, 22| and the characteristics-mixed
method (CMM) [1, 3] and its two-phase variant [11], which are ELLAM schemes but
emphasize their development in terms of the local mass constraint.

Eulerian numerical methods based on fixed grids, such as Godunov’s method [17],
are locally mass conservative by design. They are also automatically volume conserv-
ing, since the volumes of the fixed grid elements do not change in time.

The volume corrected characteristics-mixed method (VCCMM) was introduced
in [2]. Tt treats the advective part of the transport problem (i.e., D = 0) using a
Lagrangian or characteristic method. It is based on the transport not of a single
point or fluid particle, but rather the mass in an entire region of fluid. The mass
is transported along the characteristic curves of the hyperbolic part of the transport
equation. However, since the shape of a characteristic trace-back region must be
approximated in numerical implementation, its volume may be incorrect. This is
equivalent to mass conservation errors for the ambient fluid. The volume corrected
method gives an efficient algorithm for adjustment of the trace-back points so that
volume is conserved locally. This leads to a fully conservative characteristic method.

Without adjustment, in [3], it is proven that the method is first order convergent
in the mesh spacing parameter h with a non-degenerate diffusion-dispersion tensor.
Without diffusion-dispersion (i.e., D = 0), due to projection error accumulation [18],
piecewise discontinuous constant approximations can be only O(h/v/At + h + (At)"),
where r is related to the accuracy of the characteristic tracing (see Remark 7.2 below).
With D = 0, the volume correction preserves the convergence of the VCCMM. That
is, the degenerate diffusion-dispersion tensor preserves the accuracy O(h/ VAt +h+
(At)") at the same time the adjustment recovers the volume conservation. Note that
the optimal choice is At = Ch?/(2"+1) for a convergence rate O(h?"/?7*1), which tends
to O(h) as r becomes large (i.e., we more accurately trace characteristics and take At
large). This is better than using, e.g., Godunov’s method, which is both O(h!'/2?) and
CFL time step limited.

The rest of the paper is organized as follows. Section 2 gives a review of con-
servative characteristic methods and derives the local mass constraints for tracer and
combined fluids. Section 3 gives an analytical representation of the weak solution and
introduces the entropy inequality. Section 4 lists and proves some properties of the
weak solution and the numerical solution that are relevant to our purposes. Section
5 introduces an approximation of L'-errors and proves some properties that play an
important role in the proof of convergence. Section 6 gives the convergence result
for the method. Section 7 gives the existence and an error estimate of the perturbed
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velocity field, which presents the major difficulty of our overall proof. A few compu-
tational tests are given in Section 8, verifying our theoretical results. Summary and
concluding remarks are given in the last section.

2. A review of conservative characteristic methods and local mass con-
straints. In the rest of the paper, we only treat the advective part of the system,
i.e., we set D = 0. Furthermore, since 0 < ¢. < ¢(x) < 1, without losing generality,
we assume ¢(x) = 1 for simplicity. That is, we consider variable é := ¢c as the new
conserved quantity and introduce the interstitial velocity v := u/¢, ér := ¢cy, and
G := q/¢. However, we continue to use the notations ¢, u, ¢; and ¢q. Therefore, the
system (1.1)—(1.4) can be reduced to

(2.1) V- (¢u) = ¢q in Qx J,
(2.2) ct+V-(ue) =q.:=crq" +cqg” inQxJ
(2.3) u-v=>0 on 00 x J,
(2.4) c(x,0) = %(x) in Q.

Suppose we have a time interval Jr := [0,T] and a grid 0 = t* < ¢! < ... <tV =
T. In one time step J" := [t",t"T1), the characteristic trace-back x(t) = %(x,t) =
X,41(x,t) passing through (x,#"™1) will solve
(2.5) ¢ = u(X, t) teJn,
(2.6) x(t") =

<

unless the particle were to trace to the boundary of the domain, which is excluded
by our boundary condition (2.3). (We may omit the subscript of %X,,41 if there is no
confusion in the context.)

Let 2 be partitioned into elements 7, of maximal diameter h. Let E € 73 be an
element of 2, and define the space-time trace-back region of E as

E=& = {(x,t) €A x J" 1 % = Xp41(x,1), x € F},
and the fixed time slice
E(t) = En+1(t) ={(x,t) € A x {t} : x=X,11(x,t), x € E}.

Then E = E(t"*!) and the trace-back region of E is E = E(t").
Let vy x := (v, vx)T be the unit outward normal vector to € and

S =8 = {(%,t) €0Ep : X = Xp1(x;t), X € OE}

be the space boundary of the space-time region £. Since v;x is the unit outward
normal vector to S, which is defined by curves tracing in the direction (1,u)?, we
have the orthogonality

u

(2.7) (1> Vix=0 on.

Notice that (2.2) can be rewritten as the space-time divergence

u

(2.8) Vi - {c <1)] — g I QxJ
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Since £ does not touch 9 x J™ by (2.3), applying the divergence theorem and (2.7)
to (2.8) gives

//chxdt:// c(1> ~Vt,xdxdt:/c”+1dx—/c”dx,
£ oc \U E E

which means the local mass constraint is

(2.9) /cnJrl dx:/ c"dx—l—// qe dx dt,
E E £

where we use superscript n to denote a time dependent function evaluated at time ¢".

Due to the approximation of the characteristics (2.5) and approximation of E by
a polygon, we actually trace to an approximation E of E. Therefore, the numerical
solution

At e Wi (Q) == {w € L*(Q) : w|g is a constant for all E € 7;,}

is defined on E to be
(2.10) CZE}|E| = /ECZ dx + //g qep dx dt,

where we define € in (2.15) below as the space-time trace-back region from E to E, | E|
is the volume of E in the sense of Lebesgue measure in R%, and ep = crqgt + g
The numerical solution cZEl is computable since E and £ have replaced E and &,
respectively. We may refer to this method as a conservative characteristic method. It
is a type of Lagrangian method.

With ¢ = ¢; = ¢ in (2.9), we have the transport of the single combined fluid (2.1),

and

(2.11) Blo = Bl + [ [ oqdxat
£

where |S|g = [ ¢dx is the pore volume of a set S C Q. We call (2.11) the local
volume constraint, since the fluid incompressibly fills the pores. However, it is not
likely that

(2.12) Blo = Elo + [[ sadxt,
£

leading to a violation of an important physical principle.

The volume corrected characteristics-mized method [2] is an Eulerian-Lagrangian
method for approximating the solution. It includes an important procedure for further
perturbing the trace-back element F so that (2.12) holds. When D = 0, there is no
Eulerian mixed method approximation of the diffusion/dispersion, and so we may
refer to the remaining Lagrangian steps as the volume corrected, fully conservative
characteristic method. We assume that ¢ = 0 except in isolated elements of 7.
Assuming for simplicity that the elements are rectangles, given E € 7Tj, we trace the
four vertices as well as the four midpoints to obtain the unadjusted octagonal polygon
E. The full algorithm is developed in [2]. A very brief description of the adjustment
algorithm follows.
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The Volume Correction Algorithm.

Point adjustment in time. A trace-back point may be adjusted in time by a
small amount [10], along the characteristics in the direction of the flow field. As we
will see, the effect is to convert spatial errors into time errors. Moreover, in this way,
no bias is introduced into the direction of the flow. This time adjustment is needed
in Steps 1 and 2 below.

Step 1: Forward trace out of injection wells. Trace forward (not backward,
see, e.g., (3.1)—(3.2)) the injection wells [15], and then adjust the trace-forward
boundary in time according to the well volume constraint.

Step 2: Ring adjustment. Between the wells, starting adjacent to the injection
well and moving towards the production wells, entire rings of elements are
adjusted in time so as to have the correct volume. Assuming the trace-back
ring edge closest to the injector has been adjusted, the points on the far edge
are adjusted simultaneously.

Step 3: Individual element adjustment. Within an adjusted ring of elements,
individual elements are adjusted to have the correct volume by traversing
the ring, starting from a no-flow boundary if one intersects the ring. This is
accomplished by a transverse movement of the midpoints (not a time adjust-
ment).

For consistency of the trace-back tessellation, we tacitly assume that the time
step is restricted so that the trace-back elements E do not self intersect. Moreover,
we assume that no sink traces all the way to a source within a single time step. For
simplicity of exposition in this paper, we will not treat directly Step 1, although the
ideas presented here should extend to this case.

We use a key idea introduced by Arbogast and Wheeler [3], wherein it was noted
that an analysis of inexact characteristic tracing, i.e., approximation of the solution
to (2.5)—(2.6), could be made if one views the approximate tracing as arising from
exact tracing through a perturbed velocity field. We will construct this perturbed
velocity @ such that each trace-back of element E € 7;, is the volume corrected E.
That is, we replace u in (2.5)—(2.6) by @ and solve for X(¢) = %(x,t) = X"T!(x, t) the
approximate tracing

(2.13) X =u(x,t), teJ",
(2.14) x(t") = x.
Then, for each E € 7}, we can define the numerical space-time region
(2.15) E=EM ={(X1) € QX J": X = Xp1(x, 1), x € E},
and the numerical fixed time slice

E(t) = Ep(t) = {(%,t) € Qx {t} : x = %X,11(x,1), x € E},

for which E = E(t"*") and volume corrected trace-back region of E is E = E(t").
However, the existence of &1 and estimate of the error (u — @) present the major
difficulty. The construction of u will be given in Section 7. For now, we simply make
the following assumption. We use || - ||,s to denote the norm of LP(S) and we may
omit S if S =Q or Q x Jr.
AssSUMPTION 2.1 (Perturbed velocity field). The wvelocity field u = u(x,t) €
CH(Q x Jr) has divergence V -u(-,t) uniformly Lipschitz continuous in time Jr, i.e.,

(2.16) V- -u(x,t) — V- uly,t)| <Llx—y| foralxye, teJr,
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where L > 0 is a constant independent of x, y, and t. There exists a locally conser-
vative velocity field 0 = a(x,t) on Q x Jr such that

(2.17) a-v=0o0n o0 x Jr,
each trace-back polygon E satisfies the local volume constraint (2.12), and
(2.18) [u =1l +[[V-u—=V-afe < C(h+ (A)"),

where C' and r > 0 are constants independent of h and At.

Assume ¢ is a given initial approximation of ¢’. In each time step J", now we

consider c¢p, is a solution to the perturbed system

(2.19) (ch)e + V- (cpa) =¢q,, inQxJ",
(2.20) cn(x,t") = c"(x) in 0,

and we define the update at t"*! as

(2.21) G (%) = Phon(x, "1 =) = Phcy ' (x),
where the L2-projection operator P, is defined as

(2.22) (Pnf,w) = (f,w) for all w € W, ().

3. An analytical representation of the weak solution and the entropy
inequality. Taking advantage of the linear structure of transport equation (2.2), as
is well known, we can actually solve system (2.2)—(2.4) analytically by integration
along characteristics. Let X = X(x,t) be the trace-forward characteristics of u, i.e.,

(3.1) X =1 in Q x Jr,
(3.2) X(x,0) =x in Q,

where f(x,t) := f(X(x,1),t) is the evaluation along trace-forward characteristics for
a generic scalar or vector valued function f.

LEMMA 3.1 (Analytical representation). Let u be a smooth velocity field on the
domain Q x Jr and X be the trace-forward characteristics of u defined in (3.1)—(3.2).
For any t € Jr, assume X(-,t) is a diffeomorphism in ), and denote the inverse as
x(-,t). Then the weak solution to system (2.2)~(2.4) evaluated along characteristics
is given by

(3.3) é=Fy+ [,

where

(3.4 At = e ([ 0 =90 s as).

(3.5) Fo(x,1) :2/0 fo(x,t,s)ds,

F1 (X, t)

(3.6) folxsts) = (erg")" () -
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Proof. Rearrange (2.2), and we have
c+u-Ve=ciqgt + (¢ —V-ue
Notice that
(@) = (c(x(x,1),1))¢ = & + 1+ Ve,
so ¢ solves the well-posed initial value problem of an ordinary differential equation
(@)= (c1q™) "+ (¢ = V-u)é inQx Jr,
&(x,0) = ’(x) in Q.

Then we obtain (3.3) by solving the ordinary differential equation above. O

The analytical representation implies the existence and uniqueness of the weak
solution.

COROLLARY 3.2 (Existence and uniqueness). If the trace-forward characteristics
X of u form a diffeomorphism, then there exists a unique weak solution c to system
(2.1)-(2.4) given by (3.3).

By the theory of conservation laws, the weak solution ¢ = ¢(x,t) also satisfies
a stability condition, which is called the entropy inequality or entropy admissibility
condition, relative to a convex entropy 7); that is,

7 +V-Q<H

in the sense of distributions, i.e.,

(3.7) (") — (o) + / (1, 0) dt

_/n<Q'V7<P>69dt+/Jn(Q,Vg0)dt+/JH(H,go)dt20

for any non-negative test function ¢ = p(x,t) € C°( x J™). Any convex function
17 = n(c) may serve as an entropy [6, pp. 54], with the associated entropy flux Q and
entropy production H computed by

Q=nu and H:n/qc—l—(n—n/c)V-u_

Note that the term involving Q - v in (3.7) vanishes by the boundary condition (2.3).
In general, the entropy solution is the weak solution which is physically relevant. In
our case, there is only one solution, and we will use (3.7) freely.

4. Properties of the weak solution. It is well known from the theory of scalar
conservation laws, with a flux F in the canonical form

(4.1) ct+V-F(c)=0 inR?xRT,
(4.2) ¢(x,0) = ¥(x) in RY,

that the law has reached a state of virtual completeness, such as L!'-contraction,
uniqueness, L*°-monotonicity, uniform boundedness, and total variation diminishing
(TVD) properties of the entropy solution [6, pp. 126-142].

It should be noted that our transport equation (2.2) is similar to, but not a
subcase of, the canonical form (4.1), which is homogenous and the flux F does not
explicitly depend on spatial and time variables, but only on the conserved quantity c.
In this section, we prove some properties of the weak solution to the system (2.1)—(2.4)
that are relevant to our purposes in the following analysis.
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4.1. Uniform boundedness. Physically, the tracer mass comes from the initial
state and the injected concentration as time proceeds. Indeed, by the analytical
representation (3.3), it is easy to see the uniform boundedness of the weak solution.

LEMMA 4.1 (Boundedness of the weak solution). If ¢® € L>®(Q) and cj,q €
L>(Q x Jr), the weak solution c to the system (2.1)—(2.4) is uniformly L>°-bounded
and L'-bounded in Q x Jr.

Proof. By the analytical representation (3.3), it is easy to see the uniform L°°-
boundedness of ¢. Then the L!-boundedness of ¢ follows due to the boundedness of
the space-time domain Q x Jp. O

LEMMA 4.2 (Boundedness of the numerical solution). If ¢ € L>®(Q) and ¢y p,
qn € L=(Q x Jr), the numerical solution cp, to the system (2.19)—(2.21) is uniformly
L>-bounded and L'-bounded in Q x Jp.

Proof. Notice that the L?-projection operator defined in (2.22) increases neither
the L>°- nor L'-norm of a function, so we can perform a similar argument as in Lemma
4.1 for ¢y, defined in (2.19)—(2.21) in each time step J" to complete the proof. O

4.2. Boundedness of the total variation (TVB). Variations of solutions
play an important role in hyperbolic differential equations. In this subsection, we
list and prove some basic properties of functions of bounded variation, prove the total
variation boundedness (TVB) property of the weak solution, and make an assumption
on the L'-TVB property of the numerical solution.

4.2.1. Properties of functions of bounded variation. The total variation
of a function f on € is defined by

(4.3) |flBv(a) =sup(f, V- @)r2(q),
©

where the supremum is taken for all vector-valued functions ¢ = (@1, ,0q4)" €
[C2(Q)]¢ with ||¢]lee = maxi<i<a ||@ille < 1. We denote BV (Q) := {f € L(Q) :
|f|Bv(9) < oo} to be the set of L' functions of bounded variation on Q. Then |-| gy (s)
is a semi-norm on BV (S), and we may omit S if S = Q. If f € WH1(Q), integrating
by parts, we have

d
(4.4) [flav = IVl =Y _[10:fllr < oo,
i=1
and so W1(Q) c BV(Q) C L1(Q).
PROPOSITION 4.3. If the domain Q has a partition T, then for any f € BV (Q),

Z |flevE) < |flBV(Q)-

EeT

Proposition 4.3 is trivial to prove by definition (4.3).
PROPOSITION 4.4 (Lower semicontinuity). The BV seminorm is lower semicon-
tinuous with respect to the L'-topology, i.e., if fj — f in L1(2), then

|flpv < liminf |f;|pv.
j—o0

Proof. See [14, pp. 7). O
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PROPOSITION 4.5 (Approximation by smooth functions). For any f € BV (1),
there exists a sequence {f;} in C(Q) such that f; — f in LY(Q) and |fjlpy —

[flBv.

Proof. See [14, pp. 14]. O

PROPOSITION 4.6 (Product rule). For any f € BV () and g € WH>(Q), the
product fg € BV(Q)), and

(4.5) [f9lsv < [flBvIgllec + 1f1I1[[Vllco-

Proof. First suppose f € C*°(Q). By taking L'-norms on both sides of the
identity

V(fg) =9Vf+fVy,

we obtain (4.5). Now for general f € BV (), by Proposition 4.5, there is a sequence
{f;} in C>(Q) such that f; — f in LY(Q) and |fj|sv — |f|gv. Now f;jg — fg in
L'(Q). By Proposition 4.4 and (4.5) for smooth functions, we have

|[fglpy < liminf[f5g|py < lminf(|f;lpv gl + 1/11Vallee)

=flsviglos + £Vl

a
PROPOSITION 4.7 (Composition rule). For any f € BV(Q) and diffeomorphism
g on 2, the composition foge BV(Q), and

(4.6) [foglev < IVallsll det(Vg™)lloo| £ v

Proof. For f € C°°(Q), by taking L'-norms on both sides of the identity

V(fog)=Vg(Vf)og

and changing variables, we obtain (4.6). The result for general f € BV (Q) follows
from Propositions 4.4 and 4.5 as in the previous proof. O
ProposITION 4.8 (Difference quotient). If the domain Q is convex, then the

integral of the difference quotient is bounded by the total variation. That is, for any
feBV(Q),

(4.7) sup | Dy fll1,0, < |flBv©),
y#0

where Dy = |y|"'(Ty — I) is the difference quotient operator with the translation
operator Ty, defined by

(Tyf)(x) = f(x+y),

and Qy = QN (Q—A{y}) is the restricted domain on which the integral is well defined.
Proof. By Proposition 4.5, we only need to show (4.7) for f € C*°(Q2). For any
y € RY y #0, and x € Qy, if )y is not empty, we have the identity

f(X+Y)—f(X)=/O Vi(x+sy)-yds.
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Taking norms on both sides and integrating with respect to x € {2y, we have

1
Dy S, = 7 |
Y Yyl Qy

1
< / / V£ + sy)l dxds < [V Sllue = | flavi-
0 Ja,

1
/ Vix+sy) yds|dx
0

4.2.2. TVB property. Since we have a balance law, i.e., a conservation law in
an inhomogeneous form (2.2), unfortunately, we cannot expect it obeys the total vari-
ation diminishing (TVD) property in general. However, since we study the solution
in a bounded time interval Jr and the transport equation (2.2) is linear, the physical
behavior of the solution should continuously change as time proceeds. It is natural to
expect the solution is TVB in Jp under some regularity assumptions of the data in
the system (2.1)—(2.4). Denote

V(Q) := L>=(Q) nWh(Q),
V(JF; Q) := L=(Q x JF) N C(J5; WHH(Q),

where k is an positive integer. Note f € C(JE;W™P(Q)) means f(-,t1, - ,t) €
WmP(Q) and || f(-,t1,- -+ s tx)|[wm.p(q) is continuous for each t; € Jr.

AsSUMPTION 4.1 (Regularity of data). Velocity field u € C*(Q x Jr) with dif-
feomorphic characteristics X, V - u satisfies the uniform Lipschitz condition (2.16),
q € C(Jr; W (Q)), ® € V(Q), and c; € V(Jr; Q).

AsSsUMPTION 4.2 (Regularity of initial approximation). ¢ € L>(Q) N BV (Q).

Furthermore, we impose the following assumptions on the time and space domain
discretizations.

AsSUMPTION 4.3 (Regularity of time discretization). The time grid 0 = t° <
th <. <tV =T of Jr is regular, i.e., there exists a constant \; > 0 such that

At < Ay inf A",

where At" := t"t1 — " gnd At := sup,, At".

ASSUMPTION 4.4 (Shape regularity of domain discretization). The mesh T;, of
bounded domain  is conver and regular, i.e., each element E € Ty is convex, and
there exists a constant Ao > 0 such that

sup b < Az,
EeT, PE
where hg and pg are the outer and inner diameters of element E, respectively, and
the mesh spacing parameter h := supger, hp < co.
LEMMA 4.9 (TVB of the weak solution). Let Assumption 4.1 hold. Then the
weak solution c to the system (2.2)~(2.4) is TVB to time T. Moreover,

(48) |C(~, t)|BV S C()t + 601t|CO|Bv,

where Cy > 0 and C1 > 0 are constants independent of t.
Proof. By Assumption 4.1, we see from (3.4)—(3.6), that Fy € Wh>(Q), f, €
V(J2;9), and Fy € V(Jr; ). By the analytical representation (3.3), we have

(4.9) e, 1) By < [Fo(-t)|Bv + [(Fi®) (- )|Bv,
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and

(4.10) Fo-. 1) v = [ VR D)l = H | Vattsas

1

< [ 1ot t,5)ds < 1ol 550
By Proposition 4.6, since Fj(x,t) = exp(fot fi(x,s)ds) with fi == ¢~ =V -u €
W1°(Q) is an exponential,
(4.11) [(EL) () By < IFLC ) lool By + VR B0l
< 1Al (1 + |7 [ fooras] 10

< exp (tlfillso) (I”]5v + IV filloo | VE] o ll”]l1).-

Substituting (4.10) and (4.11) into (4.9) gives

(412) |é(',t)|BV < Cot—l—eclthOle.
Noticing that ¢ = ¢ o X, and Vx(-,0) = I by (3.2), we have, by Proposition 4.7,
(4.13) le( Olpv < L+ CH)le( ) By

for some constant C' > 0. Combining (4.12) and (4.13) gives (4.8) and completes the
proof. O

For a general mesh 7; in multidimensional spaces, the L2-projection operator P,
might increase the variation of a function, so we cannot expect the TVB property to
hold for the numerical solution. Instead, we make a weaker assumption of L'-TVB
as follows.

AssSUMPTION 4.5 (L'-TVB of the numerical solution). The numerical solution
c to the system is uniformly L*-TVB, i.e., there exists a constant M > 0 such that

N—-1
ekl Lt (arBv) = Z k| sV A" < M

n=0

for any h, At > 0.

In particular, for rectangular meshes, we show next that the L2-projection oper-
ator P, is TVD, so the numerical solution is TVB and L!-TVB.

LEMMA 4.10. Let T, be a rectangular mesh of a rectangular domain =

H?Zl (a;,b;) C RY. Then Py, is TVD, i.e., for any f € BV (),

(4.14) |Prflev < |flBVv-

Proof. Let each interval (a;,b;), 1 < i < d, be partitioned into
ai=2) <xp <---<al=b

and each subinterval Iij = (ngl,x{) has length hf = xf — x{fl, 1 < j < n;. Define
the rectangular mesh 7;, = {Ej}jez, where the set of multi-indices Z is

T:={j= (1 Jo, - ,ja) EN*: 1< j; <my,1 <i<d}
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d
and the grid element F; := H If
i=1
By Propositions 4.4 and 4.5, we only need to show (4.14) for f € C*°(Q2). Define
a function of a single variable z; € (a;, b;) to be

(00 / / / (x) dag - -+ daiyy dwiy -+ - dwy.
1“11 Jz+1 de

Now Pnf € Wy(Q) is piecewise constant, so its variation can be computed as the
sum of each jump of P, f across an interface of adjacent elements multiplied by the
projection area of the corresponding interface in each direction of the standard unit
vector e;. For a pair of adjacent elements E; and Ejye,, 1 <1 <d, 1 <5 <n;—1,
the jump of Py, f multiplied by the projection area of the corresponding interface is

1 / 1 ;
— f(x)dx — f(x)dx hi¥
|Ej| Ej |Ej+91 | Ej+ei g b
1

i L i
%2 /I“ Fy (%) dz; — it /ﬂ'ﬁl Fy(xi) dx;

= R - FE)

e
K !
< o |(F5) ()] daxi,
where £/ € I and ¢/ € I7*T" are some points such that mean values of Fji in 7

and I g”l are achieved, respectively. Then the total variation

Jl+1

A<y Y [ @,

EJ’L
i=1jEL,ji<n;

b; )
/ (F) () d
Z 10 fll1, 5

=1,

= Z 18:flls = IV £l = | flBv-

So we obtain (4.14) and complete the proof. O

5. An approximation of errors in the L'-norm. In this section, we intro-
duce an approximation of errors in the L'-norm that plays an important role later
in the convergence proof in Section 6. This approximation was first introduced by
Kuznetsov [16] in the error estimates of conservation law (4.1)—(4.2) by the smooth-
ing method and the viscosity method. It was later used by Lucier [18] in the error
estimates of Glimm’s method and Godunov’s method.

Without losing generality, we assume 0 € 2. Let K. be an approximation of the
identity in €, i.e.,
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where function K is non-negative, smooth and compactly supported in 2 with an
integral of one. For the weak solution ¢ and the numerical solution ¢, we introduce

(5.1) P = / [ K=yl ) — i)y,

Since ¢ = Pyc;,~, we also have p_, defined with ¢} replaced by ¢, ™.
LeEmMA 5.1. The quantity pZ, is an approximation of the L'-error with a first
order convergence rate with respect to €. That is,

(5.2) 02— Nl = el | < e,

where C > 0 is a constant independent of €, h, and n.
Proof. For any fixed y € (2, when ¢ is sufficiently small, Q C e71( — {y}), so

/KE(X—y)dX:/ Ko(x)dX:/Ko(x)dx:l,
Q e Q-{y}H Q

and so, by Proposition 4.8 and Lemma 4.9
| o2 =l = el | = '/Q , K. (x = y)([c"(x) —cy(¥)| = |c"(y) — ch(¥)]) dxdy
X
< [ Kbyl - )l dxdy
axQ
— [ oG [l ex) - ) dy dx
Q Qex
< / Ko(x) dx ehq |c"|pv (o) < Ck,
Q

where hg is the diameter of domain . 0
By changing variables, the definition (5.1) of pr j, can be rewritten as

oo = /Q Ko(x)||Toxc” — |1 00 dx.

Then we can again employ the entropy inequality (3.7) to prove the following lemma,
which gives the estimate of the change of pZ ) in time.

LEMMA 5.2. The change of p_,; in a single time step J" = [t",t" 1) has the
estimate

(5.3) P =l < Cle + h (A1))AL,

where r is given in (2.18) and C > 0 is a constant independent of €, h, At"™, and n.
Proof. Let e > 0 and x € () fixed. Notice that from (2.2) and (2.19) the translated
difference d.x 1 = Texc — cp, solves the linear balance law

(dsx,h)t +V- (dsx,hﬁ> = dsx,hq7 + Rex  in Qex X Jn,
where the reminder

Ry =V ((Txe)(a — Txu)) + (Tx(crqh) — crq™) + (Txe)(Txqg~ — q~) for x € RY.
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For entropy n(d) = |d| and test function ¢(x,t) = 1, the entropy inequality (3.7) is
reduced to

(5.4) 2 lle = lld5gh e

— / / |d5x,h| u-vdsdt+ / ||R5x||1ygsxdt >0,
n aﬂsx Jn

where, with Lemmas 4.1 and 4.2, Assumption 2.1, and (2.3),

/ (e 8- v ds < 109 [[dase ool - ¥l oo 00
Oex

< 09 [[dex plloc ([0 - V00,000 + (0 = 1) - V][0 502.)
<109 [|dex, bl oo ([(Tex1r) - Vloc.00 + |0 — 1)
= |09 [|dexe [l oo (| (Texcu — 1) - V|0 00 + [0 — uf| o)
< [09Q(llelloc + llenlloo) (ehallVulloo + C(h + (A)7))
<C(e+h+(AY)")
and, with also Assumption 2.1 and Propositions 4.6 and 4.8, for any t € J",
[Rex|l1,0.0 < [IV(Texo)[[1,0. )10 — Textllo + [ Texcll1,0, IV - 1 = Tex V- 1o
+ [ Tex(era™) = e1q™ 1,00 + [(Texe) (Texa™ = ¢7) 1,020
< [Veli(la = uflee + [Ju = Texul|o0)
Fllel1((IV-a =V ullee + V- u = Tex V- ulflo)
+eha(lerg® By + llelllalav)
< |[Vell1 [C'(h + (AE)") + eha||Vul|so] + ||c[[1 [C'(h + (A)") + ehq L]
+eha(lerlBvllallos + llerllil Vallo + llellsclalzv)
<C(e+h+(AD)").
So (5.4) will be
2 p 11,00 = 145557 1,00 + Cle + h+ (A))AL" > 0

for some constant C' > 0. Multiplying by Ky(x) and integrating with respect to
x € ), we obtain (5.3) and complete the proof. O
The following lemma gives an estimate of the projection error measured by pZ .
LEMMA 5.3. The projection error has the estimate
h2
(5.5) Pen—pig < C—|Ch |BV (),

where C > 0 is a constant independent of €, h, and n.
Proof. We compute

7 n—
Peh = Pen

:/Q . K. (x —y){|c"(x) — Puc ™ ()| — | (x) — ¢}~ ()|} dxdy

[ 3 [ {lew g [

Y EeT;,

; "(x) — ¢, (z)] —|c"(x) = z X
/nEeT [ R0 - @] = [0~ e )] dady dx

e >|} dxdy
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If we switch variables y and z in the last inequality, the value simply changes sign, so
the inequality can be written as

(5.6)

—p

Eh
< 2/%67 o ) = K=

x {|c"(x) — ¢ (2)] — |c"(x) — ¢} (v)|} dzdy dx

1 o

- 2/QEeT |E| /~/ExE|K€(X_y) — K.(x —z)|[e;” (2) — ¢, (v)| dzdy d
1 [, (560090 = et i) 760 = i) .

For any y,z € E, we have by Proposition 4.8 that

(5.7) / |IKe(x—y) — Ko(x —z)|dx :/ ‘KO(X) — Ky <X—|— y _Z)‘ dx
o 1@ {y}) :
< ly -z

EGT

h
||KO|BV(Q) < E|KO|BV(Q)=

and

68 [ i) - ldady = [ ( Lo |cz<z>—cz<y+z>|dy> 2
</ ( G cz<y+z>|dz> Iy

Yy

<h|E - E| |} |Bv(E),

where E — E:={x—-y:x,y € E}.
Let B, be a ball in R? with radius 7 > 0, then by regularity of 7;, in Assumption
4.4, we have

B~ E| _ |Bugl _ (%_E

d
B S 1B /2|— pE> §(2/\2)dforanyE€Th.
PE

Substituting (5.7) and (5.8) into (5.6), we have by Proposition 4.3 that

Pen—Pin <5 Z T IKo|Bv<sz> hlE = El |e;” |pv(m)
EGT}L
2

_ h | .
< E|KO|BV(Q) 2X) ) |Bvia) < O?|Ch |BV(©Q)-

6. Convergence results. We are ready to prove the following theorem on the
convergence rate based on the previous lemmas.
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THEOREM 6.1. Let Assumptions 2.1 and 4.1-4.5 hold (or omit Assumption 4.5
and assume Ty, is rectangular). Then the following L*-error estimate holds:

h
. n__.n < o_ 0 e r
(6.1) Og}f}é\[”ch "1 < ey, — ¢ ||1—|—C'(\/E—|—h+(At) ),

where C' > 0 is a constant independent of h and At.
Proof. Summing (5.3) for n in Lemma 5.2, we have

n—1
ST (ET = pF ) < Cle+ h+ (A" < OT(e + b+ (AL)").
k=0

Rearranging, we have
(6.2) Pln < pen+EL, +CT (e +h+ (A1),

where the total projection error is

n

oh = Z(p];,h - Pl‘:yﬁ)-

k=1

Summing (5.5) for n in Lemma 5.3, we have
R C~
(6.3) en <C0— > lek Iav.
k=1

By (4.8) in time step J*~1,
k—
|k~ |py < CoAtFt 4 018t 1|CZ_1|BV,

so substituting into (6.3) gives

h? N
(64) g,h S C? (C()T + eC1T Z |CZ 1|BV>
k=1

h? =
<Cc—|cC T2 A C1T k—1 Atk71
N, < ol” + Are ;|Ch |BV

h2
< CE (COT2 + A1601T|CII§|L1(JT€BV))

h2
< C— (CoT? + M MeST
N ( ol~+ A1Me ),
where |c§ |17 5v) < M by Assumption 4.5. Combining estimates (6.2), (6.4), and
(5.2) gives
2

h
e =l < = Ul + € (=4 Jg i+ (20,

where the optimal choice for ¢ is to take ¢ = h/+/At, which completes the proof. O
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7. The existence of the perturbed velocity. In this section, we make sev-
eral assumptions that will guarantee the existence of the perturbed velocity field u
satisfying the requirements of Assumption 2.1. That is, we prove Assumption 2.1 by
constructing a perturbed velocity field & = (x, t) on the domain Q x J7. We need to
impose assumptions on the choices of rings that are adjusted in Step 2 of the Volume
Correction Algorithm in Section 2. For simplicity, we concentrate on the case that
the domain Q C R?, although the ideas can carry over to higher spatial dimensions.
Below we consider the effect of three main steps of volume adjustment: characteristic
time perturbation, ring adjustment, and individual element adjustment. Note that,
for ease of exposition, we do not treat forward tracing around wells, though clearly
the ideas of the proof extend to this step.

REMARK 7.1. In the rest of this section, we tacitly assume that the velocity field
u is given by a quarter of a “five-spot” pattern of wells, which is a rectangular domain
with an injection well near a corner and a production well near the opposite corner.

7.1. Point adjustment in time and the local definition of . The following
lemma constructs a perturbed velocity locally at isolated points and quantifies how a
small trace-back time perturbation of size «At™ changes a single characteristic trace-
back.

LEMMA 7.1. Suppose o € R is fized and x € Q. Fort € J", let

M

(7.1) x(t) = %(x,t) == %(x,t + a(t"T" — 1))

be a time perturbation of the trace-back curve x(t). Then the perturbed velocity

(7.2) u(x,t) = (1 - a)u(x,t+ ot — 1))

has X as its characteristic passing through point x at time t"*t'. Moreover,
(7.3) a-v=0 ondQxJ"

(7.4) [u—tfoc + [V-u—=V- | < Cla,

where C' = (|[uglloc + |V - wiloo)T + ||ufloc + |V - 0]/ co-
Proof. We compute
X(t)=1-a)X (t+ (" —1))
= (1—a)u(x(t+at"™ —t),t +at" — 1))
= (1 —a)u(x(t),t + o™ —t)) = a(x(t),1),

and since clearly x(t"*1) = %(t"*!) = x, we have the claimed characteristic curve.
Now,

lu(x,t) —a(x,t)| = |u(x,t) — (1 - a)u(x,t + at" = 1))|
< |u(x, t) — u(x,t + ot — t))| + |ofl|ullso
< {llutlloc A" + [l } o] < Clal,
and similarly for |V - u(x,t) — V - a(x,t)|, so (7.4) follows. By construction, the
perturbed boundary condition (7.3) holds due to (2.3). O

REMARK 7.2. In practice, the ordinary differential equation (2.5) for characteris-
tics cannot be solved exactly unless the velocity field is particularly simple. Therefore,
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numerical techniques are needed. For example, if the single Euler step is used, then
we actually trace back from a point xo with local velocity field

up(x,t) := u(x, "),

where x = xg — (1" — t)u(x,t" ") for t € J*. This leads to an error
[ug — ufloe + ||V - up = V- ulloe <C(AY)",

where r = 1. Since u = ug + (u—ug), we simply replace u by ug, and the rest of the
analysis remains unchanged except that there is an extra error due to approvimately
solving for characteristics. In general, we may use an approximation of order r > 1.
For ease of exposition, we tacitly omit this extra error term in this section.

REMARK 7.3. If u is unknown, then we may need to approximate u with uy by
numerical techniques, which leads to some error O(h™ + At™?), where r1 and ro > 0.
If so, this error would enter the estimates as well.

7.2. Global u and the ring adjustment. Now consider the ring adjustment
phase of the Volume Correction Algorithm. We have defined a local perturbed velocity
field u for a single characteristic in Lemma 7.1. Here we further perturb u to obtain
volume conservation over rings of elements.

g+l t" + aAt"

trace-back

FIG. 7.1. Ring R at time t"t' is traced back to time t"™ and approzimated by R,. The solid
dots represent the points which are traced back. The exterior boundary of Ry, is perturbed in location
by a time change of aAt™ and (o + Aa)At™ along the direction of characteristics.

At time ¢"*1 let R C Q be a ring (Fig. 7.1, left) and R, be the exact trace-
back region with velocity field u for time At™. Vertices and midpoints x; on OR are
traced back to X', where 1 < i < Np. Without losing generality, assume points X7,
where 1 < i < Ngy for some Neyxy < Npg, are on the “exterior” boundary (i.e., away
from injection sites) of R,, which need to be adjusted. We perturb these points in
time of size aAt" as defined in Lemma 7.1, ie., X! = %X(x;,t" + aAt"), 1 < i <
Next- Denote this perturbed trace-back polygon as Ry, (a) (Fig. 7.1, middle) with the
“exterior” boundary I',,(«). We will choose the ring such that the shape of the ring is
approximately “perpendicular” to the direction of the flow; that is, the volume change
of the ring should be sensitive to the adjustment in the direction of the flow.

ASSUMPTION 7.1. There exists a constant C' > 0 independent of h such that the
number of vertices and midpoints on OR satisfies Nr < C'h~ L.

ASSUMPTION 7.2 (Monotonicity and differentiability). When a1 < ag, Ry (ay) C
Ry (a2), and the pore volume V,(a) := | R, ()|, is differentiable with respect to a.
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AssuMPTION 7.3 (Non-degeneracy). There exist constants ¢. > 0, u, > 0, and
L. > 0 such that 1 > ¢(x) > ¢, in Q, |u| > us in a sufficiently large neighborhood of
(), and [Ty ()| > Ts.

AsSUMPTION 7.4 (Non-parallelism). There exists a constant v, > 0 such that
u-v, > vi|u| in a neighborhood of T, («t), where v, is the unit outward normal vector
with respect to T'y(a).

REMARK 7.4. The condition |I'y(a)] > T in Assumption 7.3 implies that the
trace-back procedure should only be performed away from injection wells, where points
do not trace into the well-bore and become arbitrarily close. Therefore, a trace-forward
technique is used near injection wells in the Volume Correction Algorithm. We note
also that |u| > us in Assumption 7.3 does not cover the case of velocity fields with
stagnation points when Ty, («) is near the point. The “sufficiently large” condition is
defined in the proof of Lemma 7.3 below (see (7.10)).

The following lemma shows the existence of the perturbed velocity field u such
that the trace-back region of a ring R satisfies the local volume constraint (2.12) in
the absence of source g.

LEMMA 7.2. Let R C § be a ring to be adjusted. If Assumptions 7.1-7.4 hold,
then there exists some o™ such that

(7-5) Va(a®) = |R’ﬂ|¢7

where |a*| < Ch for some constant C > 0 independent of n, h, and At.
To show Lemma 7.2, we need another lemma which simply says that the change

rate of the pore volume V,,(a) is bounded away from zero during the ring adjustment.
LEMMA 7.3. If Assumptions 7.1-7.4 hold, then

(7.6) V() > B ALY,

where By, > 0 is a constant independent of n, h, and At™.
Proof. For a small Aa > 0, by Assumptions 7.2 and 7.3, we have

(7.7) Vala+Aa) = V(@) = [Rula + Aa) \ Ra(a)]s > éu|Ru(a + Aa) \ Ry(a)],

where the set R, (a + Aa) \ R,() can be decomposed as a union of quadrilaterals
(Fig. 7.1, middle).
As shown in Fig. 7.1 (right), the volume of each quadrilateral V3" (1 < i < N/

ext

N/ = Nexs if the ring R does not intersect 99 and N’ = Next — 1 otherwise) is
. 1
(78) ‘/iqudd — 5(51 sin 91 + Si+1 sin 91+1)(ll — §; COS 91 — 8441 COS 9i+1)
1 1
+ 55? sin @; cos 0; + Esfﬂ sin0;41 cos 6,41

= —[lisi sin 91 + li5i+1 sin 92 — S8iSi+1 sin(@i + 9i+1) ]

IV
N =N =

—( lzsz sin 91 + liSiJrl sin 9i+1 — SiSi+1 )
Each displacement s; is

(7.9) si = [% (" + (o + Aa)AL") — X (" + aAt™)|

t"+(at+Aa)At"
/ w(: (1), 1) dt| < [[ullwAart,
tm+aAtm
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and by Assumptions 7.3 and 7.4,

t"+(a+Aa) A"
/ (s (t), £) dt
tn+aAtm

t"+(a+Aa)At"
/ Wi (1), ) - v dt
t+aAt™

(7.10) 5 =

>

> v AaAt™.

Substituting (7.9), (7.10), and each sin§; > v, by Assumption 7.4 into (7.8) gives
: 1
(7.11) yamad > (l/fu*li — §||u|goAaAt"> AaAt”.

To obtain a lower bound of the difference V;,(a + Aa) — V;, () in (7.7), summing
(7.11) for all Viquad in the ring R, (), by Assumptions 7.1 and 7.3, we have

(1.12)  Vi(a+ Aa) - Vi(a) 2 ¢, 3 v

> 0. (VuIrn(@) - 2
CAt"

2h

||u|goAaAtn) AaAt

> ¢u <Vfu*F* — ||u|goAa) AaAt™.

Divide by A« and let Aa — 0 in (7.12). We obtain (7.6) with 8. = ¢.v2u.T.. O
Now we are ready to prove Lemma 7.2.
Proof. [Lemma 7.2] For any « in a neighborhood of zero, consider the difference

(1.13) V@) = Rule = (Va(@) = Va(0)) + (V(0) = |alo)
= Vi + (Fa(O)]o — Rl

where £ = £(a) comes from the mean value theorem. For the second term on the
right hand side, since 0 < ¢ <1

(7.14) 1B (0)]6 = [Ruls| < [(Rn(0)\ Ru) U (Rn \ Ru(0))],

which is the discrepancy of volumes between Rn(O) and R,,. This discrepancy is the
sum of the discrepancies associated to each edge.

As illustrated in Fig. 7.2, at time ¢"*! let e¢; (1 < i < Ng) be an edge of R
with ends x; and x;11 (Xnyp4+1 = X1), which is traced back with velocity u to a
curve é;(t) at time ¢ € J™ with ends %X;(¢t) = x(x;,t) and X;41(t) = %X(x;41,¢). Curve
¢;(t) is approximated by a line segment é;(¢) by connecting X;(¢) and %X;41(¢). Let
&;(t) := %;11(t) — %;(t). The local discrepancy V4 at time " associated to edge e;
is the net difference in area using the correct curve é;' versus the segment €.

For any x € e; which is traced back to X"(t) = x(x,t") € &(t), let

(7.15) si(xt) = det (k(t)|(;(>:;|(t), &(t))

be the algebraic distance from point x(¢) to segment é;(t), where det(x,y) is the
determinant of a 2 x 2 matrix formed by column vectors x and y. Since x(-,t) is a
diffeomorphism by Assumption 4.1, |€;(¢)| # 0, and (7.15) is well defined. Then

(7.16) Vidis < 2”5?”00,@ sup |[X" —y"| < 2||5?||oo,ei||v>2||oohv

x,y€e;
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Xit1(t)

FIG. 7.2. An edge e of ring R is traced back to a curve &;(t) with two ends X{(t) and X7, | (1),
which is approzimated by a line segment €;(t).

where || VX[l is bounded since, by taking gradients of (2.5) and (2.6), Vx solves the
linear ordinary differential equation in time

(Vx); = Vu(x,t)Vx in Q x J",
vx"tl =1 in Q.

At time t" T X"t = x € ¢;, so by (7.15),

n(x) = det (x — xi,é?ﬂ) o

' &7

S

By the mean value theorem, there exists some 7 € J” such that

681'

E (X, T) At

|57 (x)| =

B * &)
6(7) - &(7) |+
&mp |2

Applying inequalities |det(x,y)| < |x]| |y|, for any x, y € R?, and

—det (%(7) — %,(7), &(7))

[€5(7)] = %41 (7) = X(7)| = [u(Xis1 (1), 7) —u(Xi(7), 7)| < [[Vullolei(T)],
we have
(7.17) |sit(x)| < (1%'(7) = %{(7)| + 2]|Vullso[%(7) — %;(7)]) A"
= (lux(1),7) = u(xi(1), 7)| + 2||Vul o [%(7) — %;(7)]) A"
< 3| Vullo|%(7) — %i(7)| AL"
< 3[[Vul[o || VX[ o hAL™.

Combining (7.16) and (7.17) gives
(7.18) vdis < C"h2At",
and summing over all edges e; of ring R, (0), by Assumption 7.1, we have

Nr
(7.19)  [(Rn(0)\ Rn) U (B \ R, (0))| = V¥ < NrC"R2At™ < C'C"hAt".

=1
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Combining (7.13), (7.14), (7.19), and (7.6) gives

Yalli
7.20 Vo(a) — |Ry|e < C'C"RAL™ + 5, At"o < 0 when o < e h,
¢ E
. /6//
7.21 V(o) — |Ry|s > —C'C"hAL™ + B, At"a > 0 when o > h.
(7.21) (a) = [Rnlg

*

By the continuity of V,,(a) — |Ry|s, inequalities (7.20) and (7.21) imply that there
exists some o*, where |a*| < Ch, such that equation (7.5) holds. O

7.3. Individual element adjustment. Finally, we consider the individual el-
ement adjustment of the Volume Correction Algorithm. Let E is a grid element in
a ring R, and x,, be the midpoint of an edge e = x;x, of F between the inner and
outer ring boundaries which requires adjustment. Vertices and midpoints of edges of
E are traced back for time At™ and are adjusted to a polygon E, (a*) (Fig. 7.3, left)
in the ring adjustment, where a* is determined by (7.5). The following lemma gives
the local construction of the perturbed velocity field near midpoint xy,.

<
Xm

m

w
=3
—

adjustment

—_—

FIG. 7.3. The trace-back midpoint X7, of element En(a*) is adjusted to X7 in the direction of v.

LEMMA 7.4. Forte J", let

n+1 _
(7.22) X(x,t) == x(x,t) + s (%) v

be a perturbation of the trace-back characteristic x(t), so that, in particular, X3 =
X" + sv is a perturbation of the trace-back midpoint X7, = X(Xm,t"), where v is the
unit normal vector with respect to the trace-back segment XI'Xy', and s € R is the

T )

adjustment distance (Fig. 7.3, right). Then the perturbed velocity

(723) ~( t) . _ b t _i
. u(x, =u(X S N v, N 14

has X as its characteristic passing through point x at time t"*t' and

(7.24) =]+ [V 11— V- i gc%,

where C' > 0 is a constant independent of h and At™.
Proof. We compute

% (t) = %' (t) — ﬁ v =ux(t).t) — 5= v

u (Sc(t) s (%) V,t) = W), 1),
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Since clearly x(t"T1) = x(t"*1) = x, we have the claimed characteristic curve. Now

u(x,t) —u ot vt + -
xt)—ulx—s——— —
’ A )7 T A

s |s|
< [IVulloo|s| + NG < Cmv

and by the uniform Lipschitz continuity of V - u in (2.16),

w5 (5 o)

tn-l—l —t
At

(7.25) lu(x,t) — a(x, t)| =

(7.26) |V -u(x,t)—V-ux,t)| =

< Lj|s]

'§L|s|.

Combining (7.25) and (7.26) gives (7.24). O

LEMMA 7.5. Let E,(a*,s) be the trace-back polygonal approximation of E,, with
velocity field @ defined in Lemma 7.4 (Fig. 7.3, right), and Vg, (o*,s) == |En(a*, s)|4
be its pore volume. Assume that no self-intersected polygons are created during the
adjustment. If

(7.27) X" — X'| > Ach
for some constant \. > 0, then there exists some s* such that
(7.28) Vi, (o, s*) = |Enls,

where |s*| < ChAt™ for some constant C > 0 independent of n, h, and At™.
Proof. For any s in a neighborhood of zero, consider the difference

(7'29) VEn (a*7 S) - |En|¢ = (VEn (a*7 S) - VEn (a*7 0)) + (VEn (a*7 0) - VEn (07 O))
+(VE, (0,0) — | Enly)-

For the first term on the right hand side of (7.29), since no self-intersected polygons

are created during the adjustment, E, (a*, s) is monotone in s, so by (7.27),

1 1
(730) |V, (a"9) = Vi, (0", 0)l 2 56 & — %] |s] > 50 A.hls].

For the second term on the right hand side of (7.29), notice that E,(a,0) = E,(a) C
Ry () and the diameter of Ey(a) is h () < [[VX|sch, so by (7.9) and Lemma 7.2,
we have
(7.31) Vi, (a",0) = VE,(0,0)] < [En(a®) \ En(0)] +|E4(0) \ En(a”)]

<2(hg, (ar) + 1, o) Iulloola® AL < C'R2AL™.

For the third term on the right hand side of (7.29), since E(0) is an octagon, by (7.18),
we have

(7.32) Vi, (0,0) = [Enls| = [|E(O)]s — [Enls| < C'R2AL™.
Combining (7.29), (7.30), (7.31), and (7.32) gives

. 1 4c’
(7.33) Vg, (a*,s) = |Ealy < 3 Oeduhs + 2C'h?At" < 0 when s < — hAt™,
* n 1 /11,2 n 40/ n
(7.34) Vg, (a",s) — |Eplg > Egb*)\*hs —2C"h*At"™ > 0 when s > oin hAL".
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By the continuity of Vi, (a*, s) — | Fp|e, inequalities (7.33) and (7.34) imply that there
exists some s*, where |s*| < ChAt™, such that equation (7.28) holds. O

REMARK 7.5. If self-intersected polygons are created during the adjustment, one
should reduce the distance |s*| in (7.28) by tracing and adjusting more points on an
edge of a grid element. The assumption (7.27) implies that, again, the trace-back
procedure should only be performed away from injection wells so that the length of
segment X'X]' is non-degenerate.

Finally, combining Lemmas 7.1, 7.2, 7.4, and 7.5, we construct a perturbed veloc-
ity field @ locally for all trace-back points, and they all have the L*-error O(h) for u
and V - u. Then we can extend u to the entire domain 2 x Jr by interpolating the
local definitions of @, and we keep the same bound for the error. In addition, due to
the error (At)" of the approximately characteristic tracing in Remark 7.2, we obtain
(2.18) and Assumption 2.1 holds.

8. Some computational tests. We consider a quarter of a “five-spot” pattern
of wells, which is a rectangular domain Q = (0, 15) x (0,20) meters with a tracer
injection well near the corner (0,0), a production well near the corner (15,20), and
boundary condition (2.3). We impose a uniform n X n rectangular grid over Q and
a uniform time step At. It is initially clean: ¢°(x) = 0. The injector covers one cell
near the corner (0,0) and has a constant rate of ¢ = 1.2 m? /minute, injecting an inert
tracer with concentration ¢; = 1. The cell comprising the producer near the opposite
corner (15,20) has rate opposite that of the injector. The velocity u satisfies Darcy’s
law

k
u = __va
y2i

where k is the permeability, u is the fluid viscosity, and p is the pressure. We assume
u = 0.01 poise is constant (i.e., the concentration of the tracer is too small to affect the
viscosity of the fluid, which is water). For simplicity, we solve (2.1) with a constant
porosity ¢(x) = 1 and a uniform permeability k(x) = 10 millidarcies.

To test the optimal convergence rate with Euler’s method for solving characteris-
tics (i.e., 7 = 1 in Theorem 6.1), let At = Ch?/? and compute the normalized discrete
L (Jr; LY(Q))-error

_ 1 k_ k
(8.1) Ey, = [ [max, ey — <®l1
in Theorem 6.1. We approximate (2.2)—(2.4) using VCCMM for the simulation time
T = 1 hour, and consider the “exact” solution ¢ computed by the higher order Go-
dunov’s method [4, 8] on a fine 256 x 256 grid using the restricted CFL time step
AtCFL,256 ~ (.23 second.

Table 8.1 shows the error Ej, and the ratio Cj, = Ehn/hi/3 on grids for 6
different sizes n. From the results, the sequence of the ratio Cj}, shows an upper
bound C* as h,, decreases to zero, so indeed

Ey, < C*h*/3,

which is consistent with Theorem 6.1, and indicates that VCCMM is convergent and
has the optimal convergence rate of at least O(h%/3).

The next test indicates that (’)(hQ/ 3) is exactly the optimal convergence rate of
VCCMM when At = Ch?/3. Consider a constant velocity field u = (0.03,0.04) m/sec
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n | hy (m) | At, (sec) E, Ch,
8 3.1250 115.35 0.46870 | 0.2193
16 | 1.5625 72.66 0.19137 | 0.1421
32 | 0.7813 45.78 0.07837 | 0.0924
64 | 0.3906 28.84 0.03507 | 0.0656
128 | 0.1953 18.17 0.01767 | 0.0525
256 | 0.0977 11.44 0.00882 | 0.0416

TABLE 8.1
Convergence test 1 for At = Ch?/3. The sequence of Ch, <C*, 50 Ep, < C*h2/3,

and no source or sink (i.e., ¢ = 0). Then the in-flow boundary T, is the union of the
left and bottom edges of 2. We impose the boundary and initial conditions

c(x,t)=1on Ty x Jr and c°(x)=0in Q,
where T' = 500 seconds. Then the exact solution c is

o(x,t) = 1 if z1 <0.03t or x5 < 0.04¢,
"7 1 0 otherwise,

and at time 7', the entire domain 2 is flooded.

n | hy, (m) | At, (sec) Ep, Ch,,
8 3.1250 166.67 0.07252 | 0.0339
16 1.5625 105.00 0.04508 | 0.0335
32 0.7813 66.14 0.02506 | 0.0295
64 0.3906 41.67 0.01639 | 0.0307
128 | 0.1953 26.25 0.00972 | 0.0289
256 | 0.0977 16.54 0.00670 | 0.0316
512 | 0.0488 10.42 0.00396 | 0.0297
1024 | 0.0244 6.56 0.00262 | 0.0311

TABLE 8.2
Convergence test 2 for At = Ch2?/3. The sequence of Ch,, = C* =0.03, so £, = C*h2/3.

Due to the simplicity of u, there is no need for the polygonal approximation and
volume adjustment procedures of VCCMM. Table 8.2 shows the error Ej,,, defined in

(8.1) and the ratio Cy,, = Ehn/hi/3 with grids of 7 different sizes n. From the results,
the sequence of the ratio C},, is stable around 0.03 as h,, decreases to zero, so the
optimal convergence rate is apparently exactly O(h?/3) as expected from Theorem 6.1.

9. Summary. The main result of this paper is the proof of convergence of
the fully conservative, volume corrected characteristics-mixed method for advection-
diffusion equations without diffusion. Usually, we take the initial approximation
&) = P,c°, which leads to an initial error ||¢f — c°||; = O(h). The overall error
is O(h/VAt + h + (At)"), where 7 is related to the accuracy of the characteristic
tracing itself (see Remark 7.2). In practice, we usually take the ratio At/h to be a
constant so the trace-back elements do not degenerate and self-intersect. Then the
convergence rate of the method given by Theorem 6.1 is (’)(\/E) This rate is the same
as Godunov’s method, but we avoid the CFL constraint which puts an upper bound
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on the ratio At/h. Therefore, large time steps At can be taken. However, as long
as we do not introduce self-intersected trace-back regions, we can use much larger
time steps. The optimal choice is At = Ch?/ D) e, At = Ch?/3 if r = 1, for a
convergence rate O(h?/3). This is a better convergence rate than Godunov’s method
achieves.

The major difficulty of the proof is to verify the existence and error estimate of
the locally conservative perturbed velocity field @ in Assumption 2.1. Under some
additional assumptions, our results guarantee that the volume correction step only
produces a sufficiently small perturbation, and therefore maintains the convergence of
the method. Actually, in practice, we do not calculate u or verify Assumptions 7.1—
7.4. We just need to verify in the code that o™ and s* exist, which satisfy Lemmas 7.2
and 7.5, respectively, i.e., o and s* are not too large (Jo*| < Ch and |s*| < ChAt).
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