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Abstract We consider a second order elliptic problem written in mixed form, i.e., as
a system of two first order equations. Such problems arise in many contexts, includ-
ing flow in porous media. The coefficient in the elliptic problem (the permeability
of the porous medium) is assumed to be spatially heterogeneous. The emphasis here
is on accurate approximation of the solution with respect to the scale of variation in
this coefficient. Homogenization and upscaling techniques alone are generally inad-
equate for this problem. As an alternative, multiscale numerical methods have been
developed. They can be viewed in one of three equivalent frameworks: as a Galerkin
or finite element method with nonpolynomial basis functions, as a variational mul-
tiscale method with standard finite elements, or as a domain decomposition method
with restricted degrees of freedom on the interfaces. We treat each case, and dis-
cuss the advantages of the approach for devising effective local multiscale methods.
Included is recent work on methods that incorporate information from homogeniza-
tion theory and effective domain decomposition methods.

1 Elliptic Systems with a Heterogeneous Coefficient

We consider a second order elliptic problem, which we write in mixed form, i.e., as
the following system of two first order equations:

u =−aε ∇p in Ω ⊂ Rd (Darcy’s law), (1)
∇ ·u = f in Ω (Conservation), (2)
u ·ν = 0 on ∂Ω . (3)
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The system models, e.g., incompressible, single phase flow in a porous medium in
which case the unknowns are p, the fluid pressure, and u, the Darcy velocity of
the fluid, while the known parameters are aε , the medium permeability, and f , the
source or sink term (i.e., the wells) [17, 18, 29]. The first equation is the empiri-
cal Darcy Law relating the velocity to the pressure gradient, the second equation
expresses the mass conservation principle, and we take a boundary condition repre-
senting no normal flow for simplicity of exposition. In this discussion, we assume
that aε is heterogeneous on a scale ε .

Our objective is to find an accurate approximation of u and p while we respect
the principle of mass conservation, which is a critical property in many applications.
In fact, we are most interested in an accurate, conservative approximation to u, since
the velocity controls the transport of mass, such as a contaminant in the groundwater
or the macroscopic mixing of multiple phases.

We can rewrite the system (1)–(3) in mixed variational form as follows. Let (·, ·)ω

denote the L2(ω) or (L2(ω))d inner product, wherein we omit ω when it is Ω , and
define the Hilbert spaces H(div;Ω) := {v ∈ (L2(Ω))d : ∇ ·v ∈ L2(Ω)} and

V := H0(div;Ω) := {v ∈ H(div;Ω) : v ·ν = 0 on ∂Ω},

where ‖v‖2
V = ‖v‖2

0 +‖∇ ·v‖2
0, ‖ψ‖2

0 = (ψ,ψ). Using integration by parts to rewrite

−(∇p,v) = (p,∇ ·v),

the problem is equivalent to
Find p ∈W = L2(Ω)/R and u ∈ V such that

(a−1
ε u,v)− (p,∇ ·v) = 0 ∀ v ∈ V (Darcy’s law), (4)

(∇ ·u,w) = ( f ,w) ∀ w ∈W (Conservation). (5)

We remark that the mixed form preserves the conservation equation, and so allows
locally conservative approximations.

We have a saddle-point problem, since it has both positive and negative eigenval-
ues. There is a well-developed abstract theory for the well-posedness of such mixed
variational forms [13, 22, 26, 21].

Theorem 1. [Babuška, 1973; Brezzi, 1974] For the abstract saddle-point problem
Find p ∈W and u ∈ V such that

A(u,v)− (p,∇ ·v) = G(v) ∀ v ∈ V,

(w,∇ ·u) = F(w) ∀ w ∈W,

suppose A is a continuous, symmetric bilinear form, coercive on V∩ ker(∇·), and
that there exists γ > 0 such that

inf
w∈W

sup
v∈V

(w,∇ ·v)
‖w‖W ‖v‖V

≥ γ. (6)
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Then there exists a unique solution (p,u) ∈W ×V, and

‖p‖W +‖u‖V ≤C{‖F‖W ∗ +‖G‖V∗}.

In our case, we satisfy the inf-sup condition (6), and

A(u,v) = (a−1
ε u,v)

is continuous and coercive provided that the tensor aε ∈ (L∞(Ω))d×d is uniformly
positive definite: there are α∗ > 0 and α∗ < ∞ such that

α∗|ξ |2 ≤ ξ
T aε(x)ξ ≤ α

∗|ξ |2 ∀ ξ ∈ Rd , a.e. x ∈Ω . (7)

Thus we have a well-posed problem for, say, f ∈ L2(Ω).
The complication comes from the problem of scale. Because aε varies on the

spatial scale ε ,
|u|= O(1) but |Dku|= O(ε−k).

Therefore, to approximate the solution accurately, we need to resolve the spatial
scale ε , using a fine computational mesh of spacing h f < ε . This is not always com-
putationally feasible, since it would require a mesh with many orders of magnitude
more elements than can be handled on the world’s largest supercomputers. Instead
we consider four multiscale numerical techniques, as follows.

1. Homogenization and upscaling [Bensoussan, Lions, and Papanicolaou, 1978;
Sanchez-Palencia, 1980]. We replace the coefficient aε in the differential equa-
tion by one that is easier to resolve.

2. Multiscale finite elements [Babuška and Osborn, 1983; Babuška, Caloz, and Os-
born 1994; Hou and Wu 1997; Chen and Hou 2003]. We define the finite element
space to better capture the fine scales.

3. Variational multiscale method [Hughes, 1995; Arbogast, Minkoff, and Keenan,
1998; Arbogast, 2000; Arbogast and Boyd, 2006]. We modify the variational
form to better capture the fine scales.

4. Domain decomposition and mortar methods [Schwarz, 1870; Arbogast, Pen-
cheva, Wheeler, and Yotov 2007]. We divide the problem into weakly coupled
small subdomains that can be resolved.

2 Homogenization and Upscaling

We want to solve the problem on a coarse grid. Upscaling is the process of repre-
senting the system on a coarser scale by defining average or effective macroscopic
parameters in place of the true parameters (in our case, aε ). Perhaps the most well-
developed mathematical theory of upscaling is homogenization [19, 62, 51, 45]. We
begin with an overview of the philosophy of homogenization.



4 Todd Arbogast

The solution u has high frequency “wiggles” due to the heterogeneity of aε , as
illustrated in Fig. 1 Can we find the smooth “local average” ū(x) without knowing
u(x)? The wiggles are irregular, so they are hard to deal with.

x

u(x)

ū(x)

Fig. 1 The solution u with high frequency wig-
gles compared to its “local average” ū. Can we
find ū without knowing u?

Ω

Y

x x+ εy
εY

y

0

Fig. 2 The domain Ω composed of ε-scaled ref-
erence parallelepipeds Y . General location x ∈
Ω is modified by y ∈ Y to give position x + εy.
Scaling by 1/ε focuses in on the details.

The key assumption in homogenization theory is that the heterogeneity has scale
separation, meaning the system separates into fine and coarse scales with some gap
in scales; that is, Fig. 1 is somehow an accurate picture of the scales separating into
fine wiggles and some coarse average. More precisely, we assume the heterogeneity
is periodic of period ε , so that the wiggles are regular, and thus easily identified and
removed. Later we will see that this is basically the closure assumption that allows
the fine-scale details to be removed uniquely from the problem. We will let ε → 0,
which should remove the wiggles (at least in some weak sense) and give us our
macro-scale model for the average flow.

Let Y be a unit-sized reference parallelepiped cell domain, which we scale by ε .
Then Ω is composed of translated copies of εY (see Fig. 2). The permeability aε is
assumed to be, more generally, locally periodic, meaning that

aε(x) = a(x,y), (8)

where a(x,y) is periodic in y ∈ Y but varies slowly and smoothly in x ∈Ω .
Homogenization is very mathematical, and involves deep analysis of partial dif-

ferential equations [51]. Fortunately there is a simpler, more physical view of ho-
mogenization, called formal homogenization [19, 62].

As depicted in Fig. 2, we represent the idea of scale separation by assuming
that the space variable xabsolute ∈ Ω has both a slow (denoted by x ∈ Ω ) and a fast
(denoted by y ∈ Y ) component, where these scale as

xabsolute ∼ x+ εy.

At any point xabsolute, x is the macroscopic position that ignores fine scales and
y allows us to “see” the local details under dilation by 1/ε . In this way, we can
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quantify how these local details affect larger scales. The local details disappear as
ε → 0, but not necessarily their coarse-scale effects.

Formal Assumption. Assume without proof that the true solution p(x) can be ex-
panded into a power series involving ε as

p(x)∼ p0(x,y)+ ε p1(x,y)+ ε
2 p2(x,y)+ · · · ,

wherein y = x/ε and each pk is periodic in y ∈ Y .

Note that the gradient operator scales as

∇∼ ∇x + ε
−1

∇y.

We expect that
p = pε → p0 as ε → 0.

Substitute the formal expansion into the equations (1)–(2) to obtain

−(ε−1
∇y +∇x) ·a(x,y)(ε−1

∇y +∇x)
∞

∑
k=0

ε
k pk(x,y) = f .

Equating terms with like powers of ε leads to the following conclusions (for more
details, see, e.g., [19, 62, 45]).

1. The ε−2 terms and periodicity in y imply that p0(x,y) = p0(x) only (i.e., homog-
enization removes y, as we had hoped).

2. The ε−1 terms imply the existence and form of a closure operator, which is

p1(x,y) :=
d

∑
j=1

ω j(x,y)
∂ p0(x)

∂x j
,

where the ω j solve the local cell problems, one for each coordinate direction
j = 1, ...,d,

−∇y ·
[
a(x,y)∇yω j(x,y)

]
= ∇y ·

[
a(x,y)e j

]
in Ω ×Y, (9)

ω j(x,y) is periodic in y, (10)

where e j is the standard unit vector in the jth direction.
3. By averaging over the cell Y , the ε0 terms give the homogenized equations

u0 =−a0∇p0 in Ω (Homogenized Darcy’s law), (11)
∇ ·u0 = f in Ω (Conservation), (12)
u0 ·ν = 0 on ∂Ω , (13)

wherein a0(x) can be computed as the tensor
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a0,i j(x) :=
1
|Y |

∫
Y

a(x,y)
(

∂ω j

∂yi
(x,y)+δi j

)
dy. (14)

Lemma 1. The homogenized permeability a0 is symmetric and positive definite.

Therefore a0 has d principle eigenvectors and only positive eigenvalues, which is
required of a permeability tensor in Darcy’s Law (11) on physical grounds.

Lemma 2. [Voigt-Reiss Inequality] The homogenized permeability a0 lies between
the harmonic and arithmetic averages. More precisely, if

â :=
( 1
|Y |

∫
Y
(a(x,y))−1 dy

)−1
and ā :=

1
|Y |

∫
Y

a(x,y)dy,

then
ξ

T â(x)ξ ≤ ξ
T a0(x)ξ ≤ ξ

T ā(x)ξ ∀ ξ ∈ Rd , a.e. x ∈Ω .

Thus we have the homogenized permeability tensor a0(x) from (14), and we can
compute p0(x) from (11)–(13), which is well-posed by Theorem 1 and the remarks
following. In fact, one can prove the following theorem on convergence [51, 8, 7],
essentially justifying the first two terms in the formal asymptotic expansion.

Theorem 2. Let pε and uε solve (4)–(5), with aε satisfying the local periodicity
condition (8), and let p0 and u0 solve (11)–(13). If p0 ∈ H2(Ω)∩W 1,∞(Ω) and the
first order corrector is defined as

p1
ε := p0 + ε

d

∑
j=1

ω j(x,x/ε)
∂ p0(x)

∂x j
= p0(x)+ ε p1(x,x/ε),

then there is C > 0, independent of ε , such that

‖pε − p0‖0 ≤Cε and ‖∇(pε − p1
ε)‖0 ≤C

√
ε.

Moreover, let α0 = a−1
0 and define the fixed tensor A := a(I +Dω)α0, i.e.,

Ai j(x,y) := ∑
k,`

aik(x,y)
(

δk` +
∂ω`(x,y)

∂yk

)
α0,` j,

which is independent of ε and the domain Ω . If Aε(x) = A (x,x/ε), then

uε(x) = Aε(x)u0(x)+θ
Ω
ε (x),

where
‖θ Ω

ε ‖0 ≤C
{

ε‖u0‖1 +
√

ε|∂Ω |‖u0‖0,∞

}
= O

(√
ε
)
.

Herein, ‖ ·‖k,p,ω denotes the norm in the Sobolev space W k,p(ω). We will omit p
when it is 2 and ω when it is Ω . The theory of homogenization has seemingly solved
our problem with heterogeneity, since we are dealing with the case where ε is small
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and so the error in Theorem 2 is negligible. However, there are serious limitations
to this approach, especially in the mixed context where we are more concerned with
accurate approximation of u = uε .

First, p0 is approximated coarsely, and so has no microstructure. Thus

u0 =−a0∇p0 6≈ uε .

We therefore need to use p1
ε ≈ pε , which does contain the microstructure. However,

even though
u1

ε =−aε ∇p1
ε ≈ uε and Aε(x)u0(x)≈ uε ,

we lose the divergence property, since

∇ ·u1
ε 6= ∇ ·uε = f and ∇ ·Aε u0 6= ∇ ·uε = f .

This means that the local conservation principle is not satisfied. In fact, the error is
O(1), so we are not even approximately mass conservative.

Second, a subtle question in the two-scale separation case arises: given aε(x),
what is a(x,y)? In practice, one works on a coarse computational grid, and, given
x∈Ω , one treats Y as a portion of the mesh (one or more coarse elements) around x,
and sets a(x,y) = aε(y) there. But it is not completely clear that this is appropriate.

Finally, and most importantly, we really want to develop techniques that apply to
the non-two-scale separation cases. We thus turn to multiscale numerical techniques.
However, we will use homogenization theory as a guide for the general case, since
the two-scale separation case is the only one we completely understand.

3 Multiscale Numerics

Within the multiscale numerical approach, the objective is to solve the problem in a
way that:

1. does not fully incorporate the problem dynamics (i.e., solves some global coarse
scale problem to resolution h > ε);

2. yet captures significant features of the solution, by taking into account the micro-
structure (to resolution h f < ε).

Many techniques fall into this general class of methods. We note the following tech-
niques and give some references, including what we believe are the first works in
the area, although our list is very incomplete, since there is a vast amount of work
in the area of multiscale numerics.

1. Multiscale finite elements began with the work of Babuška and Osborn in 1983
and experienced major advancements in the work of Hou and Wu starting in 1997
[14, 46, 47, 35, 64]. These methods were extended to mixed systems explicitly
by Chen and Hou in 2003 [28, 3, 4], but they were actually defined implicitly
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for mixed systems much earlier as variational multiscale methods by Arbogast,
Minkoff, and Keenan in 1998, as noted by Arbogast and Boyd in 2006 [10, 8].

2. Variational multiscale analysis began with the work of Hughes in 1995 [48,
49, 23], and was defined for the mixed case by Arbogast, Minkoff, and Keenan
in 1998 [10, 5, 6, 8, 52, 56, 57].

3. Multiscale multilevel and mortar methods, in the context of homogenization
or multiscale problems, can be considered to be implicit in the work of Moulton,
Dendy, and Hyman in 1998, and were further developed by Xu and Zikatanov in
2004 [55, 65, 54, 41, 53]. These were extended to the mixed case in the sense of
multiscale mortar methods by Arbogast, Pencheva, Wheeler, and Yotov in 2007
[11]. A multiscale basis optimization technique was defined by Rath in 2006
[59, 60].

4. Multiscale finite volumes and discontinuous Galerkin methods were also
developed. Multiscale finite volumes were first described by Jenny, Lee, and
Tchelepi in 2003 [50, 39, 43], and multiscale discontinuous Galerkin methods
were defined by Aarnes and Heimsund [1].

5. Heterogeneous multiscale methods were defined by E and Engquist in 2003
[32].

We discuss three of these techniques in detail herein: multiscale finite elements,
the variational multiscale method, and multiscale mortar methods. Each of these
take an overall multiscale strategy with four main components, as follows.

1. Localization. The full partial differential problem is decomposed into many
small, local, coarse element subproblems (of scale h > ε).

2. Fine-scale effects. The local subproblems are given appropriate boundary con-
ditions and solved on the fine scale h f < ε (to resolve variations in aε ) to define
a coarse scale multiscale finite element or finite volume basis.

3. Global coarse-grid problem. This h-scale coarse basis is used to approximate
the solution globally.

4. Fine-grid reconstruction. The finite element basis encapsulates an h f -scale fine
representation of the solution.

Note that in these methods, the problem is fully resolved on the fine scale, but the
problem is not fully coupled. The global problem is a reduced degree-of-freedom
system. Computational efficiency comes from divide-and-conquer: small, localized
subproblems are easily solved; and the coupled global problem has only a few de-
grees of freedom per coarse element, and so is relatively easily solved.

3.1 Nonmixed Multiscale Finite Elements

For simplicity, we introduce multiscale finite elements in the nonmixed case. Recall
that the objective is to define finite elements tailored to the problem at hand to better
capture the fine scales.
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To make everything concrete, we begin with an example in one dimension. Con-
sider the problem

−(ap′)′ = 0, 0 < x < 1, (15)
p(0) = 0 and p(1) = 1, (16)

where a > 0 is highly oscillatory, leading to an oscillatory true solution, as indicated
in Fig. 3. Let X = H1

0 (0,1) =
{

w ∈ H1 : w(0) = w(1) = 0
}

. Then our problem has
the variational form

Find p ∈ X + x such that

(ap′,w′) = 0 ∀ w ∈ X .

0 0.25 0.5 0.75 10

0.25

0.5

0.75

1

0 0.25 0.5 0.75 10

0.5

1

1.5

2

Fig. 3 The true solution p is shown on the left for the coefficient a on the right (although a becomes
very small, it remains uniformly positive).

We choose a uniform grid of five points xi = i/4, i = 0,1,2,3,4. We illustrate
the definition of finite elements beginning with the standard piecewise linear basis
before defining the multiscale variant.

Standard finite element space X̄h. At xi, i = 1,2,3,4, we define q̄i to be piece-
wise linear over the mesh such that q̄i(x j) = δi j. To state this constructively, let
x5 = 1. As illustrated in Fig. 4, we define q̄i, supported in (xi−1,xi+1), by:

1. Setting q̄i on the boundary of each element separately, so q̄i(x j) = δi j;
2. Linearly interpolating over each element separately;
3. Joining the two pieces together continuously to form q̄i and setting X̄h = span{q̄i}.

Multiscale finite element space Xh. Localize X to the element E = (xi−1,xi) as
X(E) = H1

0 (E). As illustrated in Fig. 5, at xi, i = 1,2,3,4, we define qi, supported
in (xi−1,xi+1), by:

1. Setting qi on the boundary of each element separately, so qi(x j) = δi j;
2. Solving the homogeneous problem on each element E

Find qi ∈ X(E)+ q̄i(x) such that

(aq′i,w
′)E = 0 ∀ w ∈ X(E),

where E is (xi−1,xi) or (xi,xi+1), using the appropriate linear function q̄i(x) for
the boundary conditions;
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xi−1 xi xi xi+1︸ ︷︷ ︸
qi(xi−1) = 0 qi(xi) = 1 qi(xi+1) = 0

0 0.25 0.5 0.75 10   

0.25

0.5 

0.75

1   

Fig. 4 Construction of standard piecewise linear basis functions in one dimension.

xi−1 xi xi xi+1︸ ︷︷ ︸
qi(xi−1) = 0 qi(xi) = 1 qi(xi+1) = 0

0 0.25 0.5 0.75 10

0.25

0.5

0.75

1

Fig. 5 Construction of multiscale basis functions in one dimension.

3. Joining the two pieces together continuously to form qi and setting Xh = span{qi}.
We illustrate the finite element solutions that result from using standard and mul-

tiscale finite elements in Fig. 6. This is merely an illustration, since the multiscale
finite elements reproduce the exact solution in one dimension, but not in higher di-
mensions. To avoid misleading the reader, an error has been displayed. The point is
that standard elements simply cannot represent the microstructure, whereas multi-
scale elements have this ability.

0 0.25 0.5 0.75 10

0.25

0.5

0.75

1

Fig. 6 The solid line is the true solution, the dashed line illustrates the multiscale finite element
solution (actually, it is exact), and the dashed-dotted line is the standard finite element solution.

For the general multi-dimensional problem

−∇ ·aε ∇p = f in Ω , (17)
−aε ∇p ·ν = 0 on ∂Ω , (18)

the standard variational problem is
Find p ∈ X = H1(Ω)/R such that

Aε(p,w) := (aε ∇p,∇w) = ( f ,w) ∀ w ∈ X . (19)



Mixed Multiscale Methods for Heterogeneous Elliptic Problems 11

General finite element construction. Let Th be a finite element partition of Ω .
Define standard q̄i and multiscale qi finite elements on an element E ∈Th as follows.

1. Set q̄i and qi on ∂E to be some simple polynomial. More generally, in the multi-
scale case, we can set qi = `i(x) on ∂E, where `i is any appropriate function.

2. Use some polynomial interpolation over E to define q̄i. However, for multiscale
elements, we solve the homogeneous problem on each element E

Find qi ∈ X(E)+ `i(x) such that

Aε(qi,w)E = 0 ∀ w ∈ X(E),

i.e., we solve the Dirichlet problems (on a fine grid)

−∇ ·aε ∇qi = 0 in E, (20)
qi = `i on ∂E. (21)

3. Join the pieces together continuously to form X̄h = span{q̄i} and Xh = span{qi}.

We remark that the multiscale approach has a lot of flexibility in Steps 1 and 2, and
there exist many variants of the above procedure.

Multiscale structure of Xh. When we set qi to be q̄i on each element boundary
(i.e., we take `i = q̄i), we can exhibit the multiscale structure of Xh by noting that

qi = q̄i +(qi− q̄i) =: q̄i +q′i.

In this form, we define q′i by
Find q′i ∈ X(E) such that

Aε(q′i,w
′)E =−Aε(q̄i,w′)E ∀ w′ ∈ X(E).

The q′i ∈ X(E) = H1
0 (E) are “bubble functions,” localized to a coarse element by im-

posing homogeneous Dirichlet boundary conditions. They are fine-scale and contain
the microstructure information. The q̄i are coarse-scale.

Theorem 3. Let X ′h = span{q′i}. Then

Xh = span{q̄i +q′i}( X̄h⊕X ′h

is a Hilbert space direct sum decomposition into coarse and fine scales.

3.2 Nonmixed Variational Multiscale Method

Again for simplicity, we introduce the variational multiscale method in the non-
mixed case, treating the system (17)–(18). Recall that the objective is to modify the
variational form of the differential system (19) to better capture the fine scales.
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We begin by separating the solution space X = H1(Ω)/R into coarse and fine
scales using a Hilbert space direct sum decomposition. Let

X = X̄⊕X ′, (22)

and separate the standard variational form into coarse and fine scales through the
test functions as

Find p = p̄+ p′ ∈ X̄⊕X ′ such that

Aε(p̄+ p′, w̄) = ( f , w̄) ∀ w̄ ∈ X̄ (Coarse scales), (23)
Aε(p̄+ p′,w′) = ( f ,w′) ∀ w′ ∈ X ′ (Fine scales). (24)

Rewrite the fine scale equation as

Aε(p′,w′) = ( f ,w′)−Aε(p̄,w′) ∀ w′ ∈ X ′,

and note that this is a well defined problem for p′. It implicitly defines an affine
upscaling operator taking X̄ to X ′. The linear part of the operator is p̂′ : X̄→ X ′, and
it satisfies

Aε(p̂′(q̄),w′) =−Aε(q̄,w′) ∀ w′ ∈ X ′. (25)

The constant part of the upscaling operator is p̃′ ∈ X ′, which satisfies

Aε(q̃′,w′) = ( f ,w′) ∀ w′ ∈ X ′. (26)

The full upscaling operator is p̂′(·)+ p̃′ : X̄ → X ′, and given coarse scales, we can
obtain fine scales as

p′ = p̂′(p̄)+ p̃′. (27)

Now the coarse scale equation is simply

Aε

(
p̄+ p̂′(p̄), w̄

)
= ( f , w̄)−Aε(p̃′, w̄) ∀ w̄ ∈ X̄ ,

and the effect of the fine scales is manifest within this coarse-scale variational prob-
lem. Taking w′ = p̂′(w̄) in (25) enables us to symmetrize the form to

Aε

(
p̄+ p̂′(p̄), w̄+ p̂′(w̄)

)
= ( f , w̄)−Aε(p̃′, w̄) ∀ w̄ ∈ X̄ . (28)

If we define the bilinear and linear forms to be

Bε(p̄, w̄
)

= Aε

(
p̄+ p̂′(p̄), w̄+ p̂′(w̄)

)
and F (w̄) = ( f , w̄)−Aε(p̃′, w̄),

then we have the modified variational form

Bε(p̄, w̄
)

= F (w̄) ∀ w̄ ∈ X̄ . (29)

In the variational multiscale method, both the bilinear and linear forms are modified.
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Choice of Hilbert space decomposition. To be useful for finite element approx-
imation, we need to localize the fine scales. For Th a (coarse) finite element partition
of Ω , let

X ′ :=
⊕

E

X(E) =
⊕

E

H1
0 (E),

and then X = X̄⊕X ′, where

X̄ = X/X ′ ' {q|e : e is a coarse edge of Th}.

Thus X̄ is determined by its values on ∂E ∀ E ∈Th.
Finite element approximation. We use a standard Galerkin finite element space

X̄h = {q̄h} and the multiscale fine space X ′. That is, X ′ is localized and

X̄h⊕X ′ ( X̄⊕X ′ = H1/R.

In practice, we must further approximate X ′|E = X(E) on each element E by a finite
element space on a very fine mesh Xh f (E). However, since E is small, we can make
this approximation as accurate as we need, and so for simplicity we will assume that
it is handled exactly.

We have three equivalent ways to describe the finite element approximation. The
primary method is given by direct approximation of (29); however, it is instructive
to instead start from the original two-scale decomposition (23)–(24). This leads to

Version 1. Find ph = p̄h + p′h ∈ X̄h⊕X ′ such that

Aε(ph,w) = ( f ,w) ∀ w ∈ X̄h⊕X ′.

But X̄h⊕X ′ is a very large space. In fact, p̄h and p′h are related, and the solution is
in a much smaller space.

Since Galerkin methods minimize energy, the multiscale solution minimizes en-
ergy in the large space X̄h ⊕X ′. For these methods, if one specifies the value of
the finite elements on ∂E, then the best approximation comes from using the finite
element that minimizes energy within E.

Theorem 4. If the multiscale finite elements are specified on ∂E for each element
E ∈Th, then the best approximation comes from using the multiscale finite element
that minimizes energy within E.

By solving for the upscaling operator as above, we obtain the equivalent form
Version 2. Find p̄h ∈ X̄h such that

Bε(p̄h, w̄) = F (w̄) ∀ w̄ ∈ X̄h.

Now X̄h is very small, but we must find the upscaling operator to relate q̄h and
p′h(q̄h). Given a basis X̄h = span{q̄i}, we solve a local Dirichlet problem for each q̄i
on element E

Aε(q̄i + p̂′(q̄i),w′)E = 0 ∀ w′ ∈ X(E).
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These are the same problems as in the multiscale finite element case, so Xh =
span{q̄i + p̂′(q̄i)} are the same elements from Theorem 3, and we can reformulate
the variational multiscale method as a multiscale finite element method

Version 3. Find ph ∈ Xh such that

Aε(ph,w) = ( f ,w)−Aε(p̃′,w) ∀ w ∈ Xh.

Theorem 5. Up to treatment of f (i.e., p̃′), the variational multiscale and multiscale
finite element methods are the same in this basic setting.

Unlike multiscale finite elements, the variational multiscale method naturally
handles nonzero f . Henceforth we will use this correction in the multiscale finite
element method as well.

4 Mixed Variational Multiscale Method

The mixed case (4)–(5) is complicated by the fact that we treat directly both the
scalar unknown p ∈W = L2(Ω)/R and the vector unknown u ∈ V = H0(div;Ω).
We base our two-scale expansion of the solution space W ×V on the local mass
conservation principle. Given a coarse computational mesh of elements Th on Ω

with element edges (or faces) Eh, let the pressure space be W = W̄ ⊕W ′, where

W̄ ⊂ {w̄ ∈W : w̄ is constant on each coarse element E ∈Th},
W ′ := W̄⊥.

The velocity space is then V = V̄⊕V′, where

V′ := {v′ ∈ V : ∇ ·v′ ∈W ′, v′ ·ν = 0 on ∂E ∀ E ∈Th},
V̄ := V/V′ ' {v ·ν on ∂E : E ∈Th}.

Note that V′ is localized by imposing homogeneous Neumann boundary conditions,
leaving V̄ with full normal velocity coupling on the coarse edges e ∈ Eh. Note also
that we have decomposed V according to coarse and fine scales related to mass
conservation, since we can define V̄ explicitly in such a way that

∇ · V̄ = W̄ (coarse conservation),
∇ ·V′ = W ′ (fine subgrid conservation).

We can now separate scales uniquely via the direct sum as

p = p̄+ p′ ∈ W̄ ⊕W ′ and u = ū+u′ ∈ V̄⊕V′.

Moreover, we can separate the variational form (4)–(5) into coarse scales
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(a−1
ε (ū+u′), v̄)− (p̄,∇ · v̄) = 0 ∀ v̄ ∈ V̄, (30)

(∇ · ū, w̄) = ( f , w̄) ∀ w̄ ∈ W̄ , (31)

and fine scales

(a−1
ε (ū+u′),v′)− (p′,∇ ·v′) = 0 ∀ v′ ∈ V′, (32)

(∇ ·u′,w′) = ( f ,w′) ∀ w′ ∈W ′. (33)

As noted in [6], we have the following well-posedness result.

Lemma 3. The inf-sup condition holds over both W̄×V̄ and W ′×V′, with constants
independent of the coarse mesh and ε . Moreover, given ū ∈ V̄, there exists a unique
solution (p′,u′) ∈W ′×V′ and

‖p′‖0 +‖u′‖V ≤C{‖ f‖0 +‖ū‖0}.

Thus we can define a closure operator relating fine scales to coarse scales from
(32)–(33). This is an affine operator, with linear part defined for v̄ ∈ V̄ as (p̂′, û′) ∈
W ′×V′, where

(a−1
ε (v̄+ û′),v′)− (p̂′,∇ ·v′) = 0 ∀ v′ ∈ V′, (34)

(∇ · û′,w′) = 0 ∀ w′ ∈W ′, (35)

and constant part defined as (p̃′, ũ′) ∈W ′×V′, where

(a−1
ε ũ′,v′)− (p̃′,∇ ·v′) = 0 ∀ v′ ∈ V′, (36)

(∇ · ũ′,w′) = ( f ,w′) ∀ w′ ∈W ′. (37)

That is,
p′ = p̂′(ū)+ p̃′ and u′ = û′(ū)+ ũ′.

Lemma 4. The operator û′ : V̄→ V′∩ker(∇·) is bounded and linear.

Using the upscaling operator to replace fine-scale quantities in (32)–(33), we
obtain the upscaled variational problem (written in symmetric form)

Find (p̄, ū) ∈ W̄ × V̄ such that

(a−1
ε (ū+ û′(ū)),(v̄+ û′(v̄)))− (p̄,∇ · v̄) =−(a−1

ε ũ′, v̄) ∀ v̄ ∈ V̄, (38)
(∇ · ū, w̄) = ( f , w̄) ∀ w̄ ∈ W̄ , (39)

with the full solution given by

p = p̄+ p̂′(ū)+ p̃′ and u = ū+ û′(ū)+ ũ′.

Note that the equations maintain strict local conservation on both scales.
We can also rewrite the problem as

Find (p̄, ū) ∈ W̄ × V̄ such that
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(a−1
ε ū, v̄)− (a−1

ε û′(ū), û′(v̄))− (p̄,∇ · v̄) =−(a−1
ε ũ′, v̄) ∀ v̄ ∈ V̄,

(∇ · ū, w̄) = ( f , w̄) ∀ w̄ ∈ W̄ .

The positive diffusion term (a−1
ε ū, v̄) has a negative subscale correction, which is

therefore antidiffusive on the coarse scale. This is the main reason that effective pa-
rameters (merely replacing aε on E by some average quantity in the original equa-
tions) cannot work well. Rather, some multiscale ideas are needed.

Numerical Approximation. Choose any inf-sup stable mixed space W̄h× V̄h on
the coarse mesh [26, 21]. Then we approximate p≈ ph and u≈ uh as

Version 1. Find (p̄h, ūh) ∈ W̄h× V̄h such that(
a−1

ε (ūh + û′(ūh)), v̄h + û′(v̄h)
)
− (p̄h,∇ · v̄h) =−(a−1

ε ũ′, v̄h) ∀ v̄h ∈ V̄h, (40)
(∇ · ūh, w̄h) = ( f , w̄h) ∀ w̄h ∈ W̄h, (41)

and then set

ph = p̄h + p̂′(ūh)+ p̃′ and uh = ūh + û′(ūh)+ ũ′. (42)

By defining the space

Vh := {v̄h + û′(v̄h) : v̄h ∈ V̄h}( V̄h +V′, (43)

we can express the method as the multiscale finite element method
Version 2. Find p̄h ∈ W̄h and uh ∈ Vh + ũ′ such that

(a−1
ε uh,vh)− (p̄h,∇ ·vh) = 0 ∀ vh ∈ Vh, (44)

(∇ ·uh, w̄h) = ( f , w̄h) ∀ w̄h ∈ W̄h, (45)

with the reconstruction ph = p̄h + p̂′(ūh)+ p̃′. Furthermore, after some manipulation
of the equations, we can express the method in the non-computable form

Version 3. Find ph ∈W and uh ∈ V̄h +V′ such that

(a−1
ε uh,vh)− (ph,∇ ·vh) = 0 ∀ vh ∈ V̄h +V′, (46)

(∇ ·uh,w) = ( f ,w) ∀ w ∈W. (47)

5 Mixed Multiscale Finite Elements

The mixed multiscale finite element method is defined above in (44)–(45). Our task
is to define the discrete spaces. We will define some of the simplest mixed multiscale
finite elements that are commonly used. In all cases, we will take the pressure space

W̄h := {w̄ ∈ L2(Ω) : w̄ is constant on each coarse element E ∈Th}.

We deal with the fact that Wh 6∈W = L2(Ω)/R in the usual way. Since
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V̄' {v ·ν on ∂E : E ∈Th},

we need only specify v̄ ∈ V̄ on coarse element edges e ∈ Eh. We obtain the corre-
sponding multiscale finite element vh by solving the local Neumann problem. For
simplicity, we work in two dimensions on rectangular elements.

Raviart-Thomas mixed elements (RT0). The standard lowest order Raviart-
Thomas vector variable space VRT0

h [61] has one basis function vRT0
e associated with

each coarse element edge e ∈ Eh. The degrees of freedom are the constants v · ν |e
for each edge e ∈ Eh. For example, if E = [0,1]2 then we have the four pieces

vL =
(

1− x
0

)
, vR =

(
x
0

)
, vB =

(
0

1− y

)
, vT =

(
0
y

)
,

which are joined to neighbors across the edge for which v ·ν = 1. This is the standard
polynomial definition.

We can also define these finite elements as the solution to two types of differential
equations. The first we will call the element definition. For each edge e∈ Eh, let Ee,i,
i = 1,2, be the two elements that contain e. We solve on E = Ee,i, i = 1,2,


vRT0

e =−∇φ
RT0
e in E,

∇ ·vRT0
e =±|e|/|E| in E,

vRT0
e ·ν =

{
0 on ∂E \ e,
1 on e.

e

Ee,1

e

Ee,2

(48)

However, it is equally valid to define vRT0
e on the dual-support element Ee = Ee,1∪

Ee,2 by solving


vRT0

e =−∇φ
RT0
e in Ee,

∇ ·vRT0
e =±|e|/|Ee,i| in Ee,i, i = 1,2,

vRT0
e ·ν = 0 on ∂Ee.

e

Ee

(49)

We have the following convergence result [61]. Since these elements have no
dependence on the scale ε , they are accurate only when h < ε , i.e., h resolves the
fine-scale heterogeneity.

Theorem 6. ‖u−uRT0
h ‖0 ≤C‖u‖1h = O(h/ε).

The main idea of multiscale finite elements is to use aε in their definition. In the
boundary value problems above, we simply insert the coefficient aε .

Variational multiscale element (ME0) based on RT0. The simplest multiscale
element (ME0) is due implicitly to Arbogast, Minkoff, and Keenan in 1998 [10]
(cf. [8, 28]). It is based on using RT0 as the coarse space in the variational multiscale
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method, or, equivalently, using the element definition of the RT0 element above.
Define vME0

e ∈ VME0
h for each coarse element edge e ∈ Eh by solving


vME0

e =−aε ∇φ
ME0
e in E,

∇ ·vME0
e =±|e|/|E| in E,

vME0
e ·ν =

{
0 on ∂E \ e,
1 on e.

e

Ee,1

e

Ee,2

(50)

We have the following convergence result [6, 28, 8].

Theorem 7. In general, ‖u−uME0
h ‖0 ≤C‖u‖1h = O(h/ε). In the two-scale sepa-

ration case, u0 is the solution of the homogenized problem and

‖u−uME0
h ‖0 ≤C

{
‖u0‖1h+‖u0‖0ε +‖u0‖0,∞

√
ε/h
}

.

Since u0 is independent of ε ,

‖u−uME0
h ‖0 = O

(
min

{
h/ε , h+ ε +

√
ε/h

})
.

Multiscale dual-support (MD) elements. Elements based on RT0 can also be
defined using the dual-support definition. This was done first by Aarnes et al. [3, 4].
Define vMD

e ∈ VMD
h for each coarse element edge e ∈ Eh by solving


vMD

e =−aε ∇φ
MD
e in Ee,

∇ ·vMD
e =±|e|/|Ee,i| in Ee,i, i = 1,2,

vMD
e ·ν = 0 on ∂Ee.

Ee

(51)

The shape on Ee,1 depends on Ee,2, and vice-versa. Thus, as defined by Ciar-
let [31], this is not a finite element. Nevertheless, we will consider it to be a finite
element. It has a problem with convergence in the classical sense (i.e., the error
should vanish as h→ 0) [7]. As noted in [7], the problem is related to anisotropy.
For example, if one takes a constant

aε(x) = a = QΛQT with Λ =
(

λ1 0
0 λ2

)
and Q a rotation,

we have a genuine anisotropy when the rotation is not a multiple of π/2 and λ1 6= λ2,
but no microstructure. On e ∈ Eh, the MD element vMD

e has a nonconstant normal
trace vMD

e ·ν . Therefore the space VMD
h cannot reproduce constants, so the method

cannot converge in any reasonable sense as h→ 0.
It should be noted that these elements are designed to be effective when h > ε .

If for some reason one would take h→ 0, one should also change elements when h
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becomes smaller than O(ε). Moreover, there are many variants of this basic element
as defined herein which improve the convergence properties when h > ε .

Second order accurate elements (BDM1 and ME1). The standard elements
of Brezzi, Douglas, and Marini, defined in 1985, also use a piecewise constant
scalar space W̄h, but they are formally second order accurate for the velocity space
VBDM1

h [25, 24]. The BDM1 elements have two degrees of freedom per element
edge. That is,

vBDM1 ·ν |e is a linear function for each edge e ∈ Eh.

However, we maintain the conservation property that ∇ · v|E is a constant on each
element E ∈ Th for all vBDM1 ∈ VBDM1

h , so ∇ ·VBDM1
h = W̄h. More precisely, on a

rectangular element E ∈Th, a finite element in VBDM1
h has eight degrees of freedom

a,b, ...,h as

vBDM1 =
(

a+bx+ cy+2gxy−hx2

d + ex+ f y−gy2 +2hxy

)
.

The multiscale variant, due to Arbogast in 2000 [5], is defined using BDM1 as
the coarse space in the variational multiscale method, giving VME1

h with two degrees
of freedom per edge e ∈ Eh. For i = 1,2 and Li a basis for linear polynomials on e,
we construct vME1

e,i by solving

vME1
e,i =−aε ∇φ

ME1
e,i in E,

∇ ·vME1
e,i =

1
|E|

∫
e
Li in E,

vME1
e,i ·ν =

{
0 on ∂E \ e,
Li on e,

e

E(i = 1)

e

E(i = 2)

(52)

and joining the two pieces from each side of e.
We have the following convergence result [6, 8].

Theorem 8. In general, ‖u−uME1
h ‖0 ≤C‖u‖2h2 = O(h2/ε2). In the two-scale sep-

aration case, u0 is the solution of the homogenized problem and

‖u−uME1
h ‖0 ≤C

{
‖u0‖2h2 +‖u0‖0ε +‖u0‖0,∞

√
ε/h
}

= O
(

h2 + ε +
√

ε/h
)
.

Some additional elements. As noted earlier, the multiscale finite element ap-
proach allows great flexibility in their definition. We note here four main variants.
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1. Oversampled elements (OS). Hou et al. [46, 28] pro-
posed an oversampling technique for the local partial
differential systems used to define multiscale finite el-
ements. Instead of solving on E ∈ Th, one solves on a
larger domain, and then restricts the solution back to E.
This gives a nonconforming method, since the pieces
do not join continuously across edges. The advantage
of oversampling is that it increases the variability on
∂E and allows for better multiscale approximation.

2. Generalized finite elements and partition of unity methods. Babuška et al. [16,
14, 64] advocate creating a multiscale finite element basis from local multiscale
functions, perhaps defined by oversampling as above. However, instead of sim-
ply restricting back to the element E ∈Th (or Ee for e ∈ Eh), one uses a partition
of unity method so that the resulting elements are conforming.

3. Reduced dimension-based elements. Hou and Wu [46] proposed defining the
multiscale boundary condition on e ∈ Eh by solving a reduced dimension prob-
lem. In the case of the nonmixed system, one would first solve the lower di-
mensional problem −∇e · aε ∇e pe = 0 on e for pe. Then one sets the boundary
condition in (20)–(21) to be `i = pe. Again this improves the variability on ∂E.
It is not so clear that this technique applies to the mixed problem, since we need
information normal to e (i.e., v ·ν).

4. Local eigenfunction-based elements. Efendiev, Galvis, and Wu, as well as Het-
maniuk and Lehoucq [33, 44] propose that, in the differential problems defining
the multiscale finite elements, the boundary condition v ·ν on e ∈ Eh be based on
the solution of a local eigenfunction problem (solved in, e.g., Ee and restricted to
e). The eigenbasis is the most efficient basis, and so should give a good definition
of the local boundary condition on e. The energy minimizing extension into Ee,i,
i = 1,2, is then the best choice for finite element, as noted above in Theorem 4.
Techniques for efficient definition of the multiscale basis, and for reducing its
dimension, are given in [33].

5. Homogenization-based elements (HE). Arbogast [7] proposes using homoge-
nization theory to define v ·ν on e∈ Eh and energy minimizing extension into Ee,i,
i = 1,2. The idea is easily seen from the homogenization theorem, Theorem 2.
The microstructure is

uε ≈Aε u0,

that is, uε is a fixed, ε-scale multiple of a smooth function. Since we know how
to approximate a smooth function (e.g., by a polynomial), we should define

Vh ≈ {Aε v : v is some nice smooth function}.

However, these finite elements lie outside H(div;Ω), so we use the idea merely
to define the normal velocity. For e ∈ Eh, we approximate the smooth part, corre-
sponding to u0 ·ν |e, by a constant vector. Thus we have two degrees of freedom
per edge, and a basis for the homogenization-based finite element space (HE)
VHE

h can be constructed by energy minimizing extension of the normal traces
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Aε ei ·ν |e to vHE
e,i , i = 1,2.

6 A Multiscale Analysis of the Approximation Errors

In this section, we analyze the variational multiscale method (40)–(41), or, equiv-
alently, the multiscale finite element method (44)–(45) with the ũ′ correction term.
Throughout this section, we will tacitly assume that aε is uniformly positive defi-
nite (7) and that ∇ · V̄h ⊂ W̄h. We noted already that the MD finite elements do not
converge as h→ 0, but the ME0 and ME1 elements are better behaved. We assume
that the upscaling operator (i.e., the local problems on E) is solved exactly, since
it can be well resolved on a fine grid. Because our problems are well-posed (recall
Lemma 3), small discretization errors on the subgrid scale will propagate boundedly
in the error estimates that we present later. However, for completeness, we note in
passing the following theorem, which accounts for subgrid approximation for stan-
dard multiscale elements [6].

Theorem 9. In the variational multiscale method (40)–(41), suppose that inf-sup
stable finite elements W̄H × V̄H are used on the coarse scale H which approximate
velocity to order L. Suppose also that the upscaling operator is approximated on
a subgrid of element size h < H by a mixed method Wh×Vh approximating the
velocity to order `. If PWh denotes fine grid L2-projection onto Wh = W̄h +W ′h, then

‖a−1/2
ε (u−uh)‖0 ≤ inf

vh∈V̄H +V′h
∇·vh=PWh f

‖a−1/2
ε (u−vh)‖0 ≤Cε HL,

∇ ·uh = PWh f .

Moreover, if pressure is approximated to coarse order M and fine order m≤M, then

‖PWh p− ph‖0 ≤Cε(HM−mhm+1 +HL+1),

‖p− ph‖0 ≤Cε(HM−mhm +HL+1).

Of course, the constants suffer from the problem of scale. However, in the resolved
case, the combination of coarse BDM1 spaces (i.e., ME1) with fine RT0 gives the
nice estimates (L = 2, l = M = m = 1)

‖u−uh‖0 ≤Cε H2, ‖∇ · (u−uh)‖0 ≤Ch, and ‖p− ph‖0 ≤Cε(h+H3),

which suggests the scaling H =
√

h, giving O(h) convergence.
We turn now to multiscale error analysis that quantifies the error in terms of h and

ε . The proof is based on comparison to the homogenized solution, and so applies
technically only to the two-scale separation case, i.e., when (8) holds, which we
tacitly assume throughout this section. The style of proof is due to Hou et al. [47, 35]



22 Todd Arbogast

in groundbreaking work on the multiscale analysis of finite element methods. For
the mixed case, see also [28, 8].

We begin with a general quasioptimality result [6].

Theorem 10. For any v ∈ V̄h +V′ such that ∇ ·v = ∇ ·uε = f ,

‖a−1/2
ε (uε −uh)‖0 ≤ ‖a−1/2

ε (uε −v)‖0,

∇ ·uh = f .

Proof. Since we assumed the upscaling operator is solved exactly, we obtain pre-
cisely that ∇ ·uh = f from (47). This means that the multiscale method is locally
conservative on the fully resolved fine scale.

The velocity error is bounded by subtracting (4) and (46) and taking a test func-
tion v−uh, where v ∈ V̄h +V′ has the required divergence. That we optimize over
the larger space V̄h +V′ instead of Vh is a consequence of the fact that the upscaling
operator is defined as energy minimizing extension. ut

We sketch now a simplified multiscale convergence proof [7] involving certain
projection operators and four key results. We analyze here only ME0 and avoid com-
plexities like oversampling, thus proving the multiscale part of Theorem 7. The first
key result is quasioptimality, Theorem 10. The second key result is homogenization,
Theorem 2, which says that uε ≈Aε u0. Thus our goal is to find any vε ≈Aε u0 in
VME0

h + ũ′ with ∇ ·vε = ∇ ·uε = f .
The third key result involves dealing with the ε scale of our finite elements, so we

define corresponding homogenized finite elements. We replace the true coefficient aε

in the definition of the finite elements (50) with the corresponding homogenized one
a0, giving a finite element space

VME0
0,h = span

e∈Eh

{vME0
0,e }.

Since our finite elements are defined by boundary value problems, the homoge-
nization theorem applies, although we will see numerical resonance (i.e., factors of
ε/h) in the estimate, which come from localizing to the element Ee of scale h.

Lemma 5. For each e ∈ Eh,

vME0
e = Aε vME0

0,e +θ
Ee,ME0
ε ,

‖θ Ee,ME0
ε ‖0,Ee ≤C

{
ε‖vME0

0,e ‖1,Ee +
√

ε|∂Ee|‖vME0
0,e ‖0,∞,Ee

}
= O

(
ε

h
+
√

ε

h

)
hd/2.

We next define flux-based projection operators for both VME0
h and VME0

0,h , which
are related through the lemma above. The average normal flux across e ∈ Eh is

γe =
1
|e|

∫
e
v ·νe ds.

The usual Raviart-Thomas projection is defined as
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π
RT0v := ∑

e∈Eh

γevRT0
e ∈ VRT0

h .

Similarly, we define

π
ME0
ε v := ∑

e∈Eh

γevME0
e ∈ VME0

h and π
ME0
0 v := ∑

e∈Eh

γevME0
0,e ∈ VME0

0,h ,

leading us to the third key result.

Lemma 6. Let PW̄h
be L2-projection onto W̄h, the space of piecewise discontinuous

constants. Then

∇ ·πME0
ε v = ∇ ·πME0

0 v = ∇ ·πRT0v = PW̄h
∇ ·v,

‖πME0
ε v−Aε π

ME0
0 v‖0 ≤C‖v‖1

(
ε/h+

√
ε/h

)
.

Proof. The divergence condition follows from the Divergence Theorem. For the
estimate, note that

π
ME0
ε v−Aε π

ME0
0 v = ∑

e∈Eh

γe(vME0
e −Aε vME0

0,e ) = ∑
e∈Eh

γeθ
Ee,ME0
e .

Theorem 2 on homogenization gives us that

‖πME0
ε v−Aε π

ME0
0 v‖0,E ≤ ∑

e⊂∂E
|γe|‖θ Ee,ME0

e ‖0,E

≤C ∑
e⊂∂E

(
h−d/2‖v‖1,Ee

)(
ε

h
+
√

ε

h

)
hd/2

= C ∑
e⊂∂E
‖v‖1,Ee

(
ε

h
+
√

ε

h

)
,

and the proof is completed by squaring, summing over all E ∈ Th, and noting that
there is finite overlap of the Ee. ut

The fourth and final key result concerns smooth approximation by πME0
0 . In gen-

eral, this is not a nice operator. However, for the types of vector fields we consider,
it approximates well.

Lemma 7. If v0 =−a0∇φ0, then

‖v0−π
ME0
0 v0‖0 ≤C‖v0‖1h.

Proof. Let

ψ = v−π
ME0
0 v =−a0∇

(
φ0− ∑

e⊂∂E
γeφ

ME0
0,e

)
in E,

which is a potential field satisfying the Neumann problem
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∇ ·ψ = ∇ ·v0−PW̄h
∇ ·v0 in E,

ψ ·νe = v0 ·νe− γe on e⊂ ∂E.

The standard energy estimate (see, e.g., [36, 38]) gives the result. ut

We are now ready to state and prove the discrete inf-sup condition. We need to
use the elliptic regularity theorem (see, e.g., [36, 38, 21]), which requires that Ω

have, e.g., a C1,1 boundary or that Ω be convex [42].

Lemma 8. If Ω supports elliptic regularity, then there is some β > 0, independent
of ε , such that

sup
vh∈VME0

h

(w̄h,∇ ·vh)
‖vh‖0 +‖∇ ·vh‖0

≥ β‖w̄h‖0 ∀ w̄h ∈ W̄h.

Proof. Recall that w̄h is orthogonal to constants. Solve

∇ ·v0 = w̄h in Ω , (53)
v0 =−a0∇φ0 in Ω , (54)

v0 ·ν = 0 on ∂Ω , (55)

and note that elliptic regularity implies that

‖v0‖1 ≤C‖w̄h‖0.

Take
vh = π

ME0
ε v0 ∈ VME0

h ,

for which
∇ ·vh = PW̄h

∇ ·v0 = w̄h.

Then, by the third and fourth key results,

‖vh‖0 ≤ ‖πME0
ε v0−Aε π

ME0
0 v0‖0 +‖Aε(πME0

0 v0−v0)‖0 +‖Aε v0‖0

≤C‖v0‖1 ≤C‖w̄h‖0,

and the result follows. ut

Theorem 11. If Ω supports elliptic regularity and p0 ∈ H2(Ω)∩W 1,∞(Ω), then

‖uε −uME0
h ‖0 +‖PW̄h

pε − p̄h‖0

≤C
{(

ε + ε/h+
√

ε/h+h
)
‖u0‖1 +

√
ε ‖u0‖0,∞

}
,

∇ ·uME0
h = f .

Proof. Since uε ≈ πME0
ε u0 + ũ′ ∈ VME0

h + ũ′ and ∇ · (πME0
ε u0 + ũ′) = PW̄h

∇ ·u0 +
∇ · ũ′ = f , by quasioptimality, key result one or Theorem 10, we have that
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‖uε −uME0
h ‖0 ≤C‖uε −π

ME0
ε u0− ũ′‖0

≤C
{
‖uε −Aε u0‖0 +‖Aε(u0−π

ME0
0 u0)‖0

+‖Aε π
ME0
0 u0−π

ME0
ε u0‖0 +‖ũ′‖0

}
,

and the velocity estimate follows from the final three key results, Theorem 2, Lem-
mas 6 and 7, and the standard energy estimate of (36)–(37), which says that

‖ũ′‖0 ≤C‖P⊥
W̄h

f‖−1 ≤C‖ f‖0h≤C‖u0‖1h.

The divergence result follows in general, and the pressure result follows from the
inf-sup condition, Lemma 8 and the difference of (4) and (46). ut

We remark that a similar proof holds for ME1 [7]. We also note that recent work
by Babuška and Lipton [15] and Efendiev, Galvis, and Wu [33] shows multiscale
convergence for certain multiscale methods independently of the two-scale separa-
tion hypothesis (8).

7 Domain Decomposition and Mortar Methods

In this section, we discuss a restricted class of domain decomposition and mortar
methods related to the mixed finite element methods considered earlier for our het-
erogeneous elliptic problem. In 1988, Glowinski and Wheeler [40] defined nonover-
lapping domain decomposition for mixed methods by iterating on the Dirichlet-to-
Neumann map. As depicted in Fig. 7, given the pressure λ on the subdomain inter-
faces Γ , one computes the flow locally. Based on the flux mismatch on Γ (i.e., the
jump in u ·ν), one updates λ using, e.g., conjugate gradients. Once converged, the
full fine-scale problem is solved. The technique allows great flexibility in handling
interdomain multiphysics (different physical models in different subdomains) and
is well suited to parallel computation. It allows us to handle interdomain multiscale
aspects as well.

In 1994, Bernardi, Maday, and Patera [20] defined mortar methods to glue the
subdomains together weakly when the subdomain meshes do not match. As illus-
trated in Fig. 8, Arbogast, Cowsar, Wheeler, and Yotov in 2000 [9] extended the
mortar idea to mixed methods, using a continuous or discontinuous linear mortar λ .
The idea was to use grid spacings of O(h) for all grids.

The mixed mortar method is similar to our previous multiscale techniques. It has
the same four basic components noted in Sec. 3 above: localization to subdomains,
fine-scale effects resolved on the subdomains, a global interface problem for the
mortar unknowns, and fine-grid reconstruction over Ω . If the mortar resolves the
computational meshes, i.e., the subdomain and mortar mesh spacings are O(h), h <
ε , we obtain a fully resolved and weakly but fully coupled approximation.
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Fig. 7 Illustration of domain decomposition. The domain Ω on the right is shown separated on the
left for clarity. On the interface Γ , λ resolves the computational mesh on both ∂Ω1 and ∂Ω2.
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Fig. 8 Illustration of mortar mixed methods. On
the interface Γ , λ does not match the computa-
tional mesh on ∂Ω1 and/or ∂Ω2. The idea here
is to consider that h1, h2, and h3 are of the same
order, so the problem is fully coupled.
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×

Ω1 Ω2
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λ

Γ

h1

h2

H
Fig. 9 Illustration of multiscale mortar mixed
methods. Here, H is much coarser than h1 and
h2. We use a higher order mortar approximation
to compensate for the coarseness of the grid and
maintain good overall accuracy.

The idea behind the multiscale mortar mixed method is to relax the coupling
dynamics as in multiscale methods. As illustrated in Fig. 9, we use the following
four main components.

1. Localization. Divide Ω into many small subdomains (or coarse elements of scale
H), over which the original partial differential system is imposed.

2. Fine-scale effects. The subdomains are given Dirichlet boundary conditions p =
λ on Γ and solved on the fine scale h to define the local solution.

3. Global coarse-grid interface problem. The weakly defined flux mismatch
(jump in u · ν) on Γ is used to define a better λ on scale H > h, and we iter-
ate this and the previous step until convergence is attained.

4. Fine-grid representation of the solution. We obtain a fully resolved and well
coupled approximate solution if λ is approximated in a higher order space.

To be more precise, let Ω be decomposed into nonoverlapping subdomains Ωi,
which correspond to coarse elements in our previous methods. Define the interfaces

Γi j := ∂Ωi∩∂Ω j, Γ :=
⋃
i< j

Γi j, and Γi := ∂Ωi∩Γ .

With νi denoting the outer unit normal to ∂Ωi, the differential problem (1)–(3) is
equivalent to the decomposed system
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a−1u =−∇p in Ωi (subdomain Darcy’s law), (56)
∇ ·u = f in Ωi (subdomain conservation), (57)

u|Ωi ·νi +u|Ω j ·ν j = 0 on Γi j (conservation on interface Γ ), (58)

p|Ωi = p|Ω j on Γi j (continuity of p on Γ ), (59)

u ·ν = 0 on ∂Ω . (60)

A variational form is
Find p ∈ L2(Ωi), u ∈ H0(div;Ωi), and λ = p ∈ H1/2(Γ ) such that

(a−1u,v)Ωi − (p,∇ ·v)Ωi + 〈λ ,v ·νi〉Γi = 0 ∀v ∈ H0(div;Ωi), (61)

(∇ ·u,w)Ωi = ( f ,w)Ωi ∀w ∈ L2(Ωi), (62)

∑
i
〈u ·νi,µ〉Γi = 0 ∀µ ∈ H1/2(Γ ), (63)

where we use 〈·, ·〉 for interface inner products for emphasis and H0(div;Ωi) = {v ∈
H(div;Ωi) : v ·ν = 0 on ∂Ω}. The last equation enforces continuity of flux on Γ .

The multiscale mortar mixed method. For finite element approximation, define
on each Ωi a fine scale finite element partition T Ωi

h of maximal element diameter
h < ε , and let Wh,i×Vh,i ⊂ L2(Ωi)×H0(div;Ωi) be any of the usual mixed finite

element spaces. For the mortar, define a coarse scale finite element partition T
Γi j

H
on each Γi j of maximal element diameter H, and let MH,i j be a space of continuous
or discontinuous finite elements. For Wh =∪iWh,i, Vh =∪iVh,i, and MH =∪i jMH,i j,
the multiscale mortar method is

Find ph ∈Wh, uh ∈ Vh, and λH ∈MH such that

(a−1uh,v)Ωi − (ph,∇ ·v)Ωi + 〈λH ,v ·νi〉Γi = 0 ∀v ∈ Vh,i, (64)
(∇ ·uh,w)Ωi = ( f ,w)Ωi ∀w ∈Wh,i, (65)

∑
i
〈uh ·νi,µ〉Γi = 0 ∀µ ∈MH . (66)

Now the last equation enforces only weak continuity of flux on Γ .
The usual way to solve this system is to reduce it to an interface problem [40].

Since it is an affine problem in λ , we define the bilinear and linear forms on MH by

dH(λ ,µ) := ∑
i

dH,i(λ ,µ) =−∑
i
〈ûh(λ ) ·νi,µ〉Γi ,

gH(µ) := ∑
i

gH,i(µ) = ∑
i
〈ũh ·νi,µ〉Γi ,

where (ûh(λ ), p̂h(λ )) ∈ Vh×Wh solves the linear part of the problem (i.e., with λ

given and f = 0)

(a−1ûh(λ ),v)Ωi − (p̂h(λ ),∇ ·v)Ωi =−〈λ ,v ·νi〉Γi ∀v ∈ Vh,i, (67)
(∇ · ûh(λ ),w)Ωi = 0 ∀w ∈Wh,i, (68)
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and (ũh, p̃h) ∈ Vh×Wh solves the constant part (i.e., with λ = 0 and f given)

(a−1ũh,v)Ωi − (p̃h,∇ ·v)Ωi = 0 ∀v ∈ Vh,i, (69)
(∇ · ũh,w)Ωi = ( f ,w)Ωi ∀w ∈Wh,i. (70)

Theorem 12. The interface bilinear form dH(·, ·) is symmetric and positive definite
on MH . In fact,

dH(λ ,µ) =
(
a−1ûh(λ ), ûh(µ)

)
. (71)

Moreover,
dH(λH ,µ) = gH(µ) ∀µ ∈MH

if, and only if, the solution to (64)–(66) satisfies

ph = p̂h(λH)+ p̃h and uh = ûh(λH)+ ũh.

Thus, our problem reduces to a symmetric and positive definite linear system,
and it can be solved, for example, by conjugate gradient iteration. In that case, the
computations involve once solving for (ũh, p̃h) to get gH(µ), and at each iteration k,
solving for

(
ûh(λ k

H), p̂h(λ k
H)
)

to get dH(λ k
H ,µ).

Multiscale finite element formulation. Implicit in the method are multiscale
finite elements. To see them, let {µ`} be a basis for MH and define

w` := p̂h(µ`) and v` := ûh(µ`). (72)

Then

λH = ∑
`

λ`µ`, ph = ∑
`

λ`w` + p̃h, and uh = ∑
`

λ`v` + ũh,

and the method seeks {λ`} such that

∑
`

λ` dH(µ`,µk) = gH(µk) ∀k,

which, using (71) and (70) and taking λ = µk and v = ũh in (67), is equivalent to

∑
`

λ`(a−1v`,vk) = ( f ,wk)− (a−1ũh,vk) ∀k.

The multiscale finite elements are now evident [11, 37]. Let

Nh,H := span
{(

w`

v`

)}
= span

{(
p̂h(µ`)
ûh(µ`)

)}
⊂
(

Wh
Vh

)
.

µ`

(73)

Then the method is
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Find (ph,uh) ∈ Nh,H +(p̃h, ũh) such that

(a−1uh,v) = ( f ,w) ∀(w,v) ∈ Nh,H .

This is an unusual multiscale finite element space. Not only do we couple pressures
and velocities, but we allow nonzero normal flow on the boundary of the “coarse
elements” ∂Ωi (it is merely weakly zero). However, our multiscale finite elements
are indeed locally defined over the subdomains.

Variational multiscale method formulation. We can also relate our method to
the variational multiscale method in several ways, and thereby extract different sets
of multiscale finite elements. If we decompose the discrete mortar space L2(Γ ) =
MH ⊕M′H and drop M′H , we obtain the original formulation with multiscale finite
elements (73).

Another approach is to decompose the velocity space. Define the weakly contin-
uous normal velocities

Vw :=
{

v ∈ Vh : ∑
i
〈v ·νi,µ〉Γi = 0 ∀µ ∈MH

}
.

The method reduces to: Find ph ∈Wh and uh ∈ Vw, such that

(a−1uh,v)−∑
i
(ph,∇ ·v)Ωi = 0 ∀v ∈ Vw, (74)

∑
i
(∇ ·uh,w)Ωi = ( f ,w) ∀w ∈Wh. (75)

Our Hilbert space decomposition of Vw involves the weakly zero normal velocities

V′w := {v ∈ Vw : 〈v ·ν ,µ〉Γi j = 0 ∀µ ∈MH,i j and ∀i, j}.

Then V̄w ' Vw/V′w is defined by its degrees of freedom on the interfaces as

V̄w '
{
〈v,µ`〉 : v ∈ Vw ∀`

}
. (76)

With W ′w := ∇ ·V′w and W̄w := (W ′w)⊥, we have the decomposition

Wh = W̄w⊕W ′w and Vw = V̄w⊕V′w.

Proceeding as before, we obtain coarse and fine scale equations analogous to (30)–
(33), an upscaling operator analogous to (34)–(37), and the upscaled equation anal-
ogous to (38)–(39).

The point is that we obtain formally the same variational multiscale method as
before, but now we use nonconforming elements with greater flexibility near ∂Ωi.
The greater flexibility results from the fact that we control the normal velocities only
weakly. According to (76) a basis can be found by finding for each ` any function
vw,` ∈ Vw such that 〈vw,`,µk〉 = δ`k. That is, we specify vw,` · ν on the boundaries
of the “course elements” ∂Ωi, but only in the weak sense. Moreover, the boundary
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condition on the other coarse edges Γi ∪Γj \Γi j is only weakly zero, so some flow
between subdomains is allowed on the fine scale.

We have the following a-priori error estimates [11].

Theorem 13. If ph, uh, and λH are locally approximated by polynomials of degree
`− 1, k− 1, and m− 1, respectively, then there exists C, independent of h and H,
such that

‖∇ · (u−uh)‖0 ≤C‖ f‖`h`,

‖u−uh‖0 ≤C
{
‖u‖khk +‖p‖m+1/2Hm−1/2 +‖u‖k+1/2hkH1/2},

‖p− ph‖0 ≤C
{
‖p‖`h` +‖p‖m+1/2Hm+1/2

+(‖ f‖`h` +‖u‖khk)H +‖u‖k+1/2hkH3/2},
where the last estimate requires that Ω support elliptic regularity.

The velocity estimate is formally O(hk +Hm−1/2), but of course it suffers from the
problem of scale when h < ε < H. Since λ is defined on Γ , we lose 1/2-derivative
going to Ω , or H−1/2 in the estimates. Thus when h and H are of the same order, we
need polynomials of degree 1 (actually 1/2) more for the mortar approximation [9].

The error estimate bounds given in Theorem 13 depend on the solution, and so
may be very large for our heterogeneous problem. To deal with this problem of
scale, one can use a-posteriori analysis to adapt the meshes to the scales of the
system [9, 58]. One can also define a mortar space based on homogenization, which
results in an error estimate for the two-scale separation case that is optimal and has
no numerical resonance term [12]. From Theorem 2,

λ ≈ p1
ε =

(
1+ ε

d

∑
j=1

ω j(x,x/ε)
∂

∂x j

)
p0(x), (77)

so we define MH by replacing p0 above by piecewise polynomials and restrict back
to Γ .

8 Some Numerical Results

We present two numerical test examples that model incompressible single phase
flow in a porous medium. The permeability fields are geostatistically generated,
with the first being statistically homogeneous. Since homogenization theory extends
to this case, the multiscale convergence results relating the coarse grid spacing h
to ε apply, as do the techniques mentioned that are defined using homogenization
theory. The other test case has a permeability that is highly nonhomogeneous in the
statistical sense, and so the convergence results do not strictly apply. That is, we
are far from the case of scale separation. Nevertheless, the example is presented to
demonstrate that the methods presented herein can work well even in these cases.
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In each example, the domain is a rectangle in R2. The permeability is defined as a
piecewise constant on a fine uniform rectangular grid. Moreover, the source function
f is positive in the lower left corner element and of equal strength but negative in
the upper right corner element.

We solve each problem nine times, divided into three sets of experiments. For the
first set of experiments, we solve the problem on the fine grid using standard RT0
and BDM1 mixed elements. This gives us the “true” or reference solution that the
multiscale techniques should approximate. We take the RT0 results as the reference
solution.

For the second set of experiments, we solve the problem using the variational
multiscale method on a coarsened grid that leaves a 10×10 subgrid; that is, we use
a factor of 100 upscaling. We use the multiscale finite elements defined in Sect. 5,
in particular, the standard ME0 and ME1 multiscale finite elements, as well as the
multiscale dual support elements MD and the ones defined through homogenization
theory HE.

For the final set of experiments, we solve each problem using the domain decom-
position mortar method, using subdomains with the same 10×10 subgrid. We use a
single mortar element along the subdomain (or coarse grid) edges, with the mortar
space defined as the piecewise discontinuous linear or quadratic functions P1M and
P2M, as well as the mortar space defined using homogenization HM (77).

The upscaling operator or subgrid problems are solved on the fine 10× 10 grid
using RT0.

8.1 Example 1: A Statistically Homogeneous Permeability

Permeability aε BDM1 velocity u

Fig. 10 Ex. 1. Left: The permeability on a log scale. Right: The velocity u as computed on the fine
scale using BDM1. The arrows show the velocity and the color shows its magnitude (speed) on a
log scale.

In the first example, the permeability field is a scalar field with a variation of
about 5 orders of magnitude. It is depicted in Fig. 10 on a base-10 log scale. The
fine grid is 50× 50, and the coarse grid is only 5× 5. We also show the fine-scale
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velocity using BDM1. Note that the color is the speed |u|, on a log scale, while the
arrows, barely visible, show the velocity itself. Thus nearly all the flow concentrates
in channels, depicted in warmer colors, from the lower left injection well to the
upper right extraction well.

ME0 ME1

MD RT0 HE

P1M P2M HM

Fig. 11 Ex. 1. The arrows show the velocity u, and the color depicts its magnitude (speed) on a log
scale. The center plot shows the fine-scale RT0 velocity, with the multiscale finite elements beside
and above it. The mortar methods are on the bottom row.

In Fig. 11 we show results for the seven multiscale methods, and the fine-scale
RT0 result in the center plot (which is nearly identical to the BDM1 result). The
variational multiscale method using various multiscale elements have been plotted
beside and above the RT0 result for easy comparison. The mortar results appear in
a row below RT0. All the methods appear to do well to the eye.
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Table 1 Ex. 1. Relative errors with respect to the fine-scale RT0 solution for pressure p and veloc-
ity u, measured in both L2 and L∞ norms for three sets of methods. First, BDM1 is obtained on the
fine grid, and differs by a small amount from RT0. Next are the multiscale finite element methods,
and the number of coarse degrees of freedom (DOF) used by each method is noted. Finally, the
mortar methods are shown with their number of DOF per mortar interface (i.e., coarse grid edge).

Method DOF per Pressure error Velocity error
coarse edge L2 L∞ L2 L∞

BDM1 — 0.043 0.041 0.036 0.028
ME0 1 0.329 0.329 0.300 0.343
ME1 2 0.150 0.144 0.249 0.345
MD 1 0.068 0.105 0.170 0.136
HE 2 0.054 0.084 0.088 0.066

P1M 2 0.157 0.139 0.388 0.948
P2M 3 0.099 0.097 0.323 0.819
HM 3 0.006 0.012 0.041 0.044

Considering the fine-scale RT0 results as the reference solution, we give the rel-
ative errors of the other eight methods in Table 1. The methods differ in the number
of degrees of freedom each has on the coarse interfaces, so this is given in one col-
umn of the table. Next we show errors in both pressure and velocity, though velocity
is normally the more important quantity. The errors are measured in the L2- and L∞-
norms. Note that RT0 and BDM1 disagree in velocity by 3.6% in L2, indicating that
the problem is difficult to resolve on our 50× 50 mesh, and giving an idea of the
error that we should tolerate in these applications.

The basic methods ME0, ME1, P1M, and P2M are actually relatively poor, giving
25% to 39% relative L2 velocity errors. If one looks carefully at Fig. 11, one can see
the differences between these methods and RT0. ME0 and ME1 are too numerically
diffuse, and P1M and P2M mainly have difficulties in a few isolated points in the
domain. The remaining three methods are quite reasonable, both in terms of the
numerical error and in the velocity plots. The MD method has 17% L2 velocity
error, followed by the HE method with 9% error, and finally the HM mortar method
does the best job at 4% relative velocity error.

8.2 Example 2: A Statistically Nonhomogeneous Permeability

The second numerical test example is based on the Tenth Society of Petroleum En-
gineers Comparative Solution Project [30]. The project includes a difficult three-
dimensional permeability field. We take one 60× 220 two-dimensional slice, the
twentieth, which represents a near shore environment with definite local channel-
ing. It is badly nonisotropic, as depicted in Fig. 12. The permeability is a diagonal
tensor, so we show the two components of permeability, which vary on a log scale
by about 5 orders of magnitude. As one can see from the BDM1 fine-scale solution
(we show only the speed |u|, again on a log scale), the flow field is quite complex.
Generally speaking, fluid that enters the domain at the lower left corner injection
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x-permeability y-permeability BDM1 velocity u

Fig. 12 Ex. 2. Left: The anisotropic x- and y-permeabilities on a log scale. Right: The speed |u| as
computed on the fine scale using BDM1 on a log scale.

well cannot travel upwards in the y-direction until it travels in x a good third of the
domain. It then experiences a greater y permeability, and so flows along the perme-
ability channels to the upper right corner extraction well.

The other eight techniques’ speeds are shown in Fig. 13, and the relative errors
are given in Table 2. As we surmised from the permeability field, we have now
quantified that this is a very difficult problem: the BDM1 solution has 8.6% relative
velocity error in L2 compared to RT0, even though each is solved on the fine grid.

Table 2 Ex. 2. Relative errors with respect to the fine-scale RT0 solution for pressure p and ve-
locity u, measured in both L2 and L∞ norms for three sets of methods. First, BDM1 is obtained on
the fine grid, and differs somewhat from RT0. Next are the multiscale finite element methods, and
the number of coarse degrees of freedom (DOF) used by each method is noted. Finally, the mortar
methods are shown with their number of DOF per mortar interface (i.e., coarse grid edge).

Method DOF per Pressure error Velocity error
coarse edge L2 L∞ L2 L∞

BDM1 — 0.047 0.052 0.086 0.164
ME0 1 2.454 0.414 0.717 0.598
ME1 2 0.799 0.194 0.625 0.443
MD 1 0.223 0.332 0.453 0.575
HE 2 0.149 0.197 0.303 0.261

P1M 2 0.132 0.056 0.418 0.748
P2M 3 0.075 0.038 0.306 0.441
HM 3 0.027 0.023 0.142 0.198

The multiscale finite elements ME0 and ME1 have very large 72% and 63%
errors, respectively. The figure shows that they give speeds that are much too diffuse
compared to RT0.
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ME0 ME1

MD RT0 HE

P1M P2M HM

Fig. 13 Ex. 2. The speed |u| on a log scale. The center plot shows the fine-scale RT0 velocity, with
the multiscale finite elements beside and above it. The mortar methods are on the bottom row.
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The multiscale elements MD and HE do much better (45% and 30% error, re-
spectively). The mortar methods P1M and P2M are quite similar (42% and 31%
error, respectively). Each of these four methods have speed plots that match RT0
quite well to the eye, and in particular, match the high-speed channel flow quite
well. These solutions would be sufficient for preliminary engineering analyses and
some stochastic simulation studies. However, only the mortar method based on ho-
mogenization theory [12] has a reasonable error at 14%. Perhaps to the eye it is also
the closest match to RT0.

8.3 Some Techniques for Controlling Errors

Because multiscale methods are reduced degree of freedom methods, they are sub-
ject to error in somewhat unforeseen ways. A clear example was seen in Fig. 11,
where both P1M and P2M have trouble at a spot on the coarse interface parallel to
y between subdomains (4,4) and (5,4), counting from the lower left. It is not clear
why this spot causes trouble for these two methods but not the others.

There has been a great deal of recent work on trying to mitigate this problem.
Several authors advocate the use of limited global information to improve the def-
inition of multiscale finite elements [3, 27, 34, 2]. The method seems most use-
ful in the case of nonlinear problems, in which case one solves a global fine-scale
linear problem, and time dependent and stochastic problems, in which case one
solves only one or a few global fine-scale problems. The global information can be
used to better define the multiscale finite element on the boundaries of the coarse
elements, and then one uses energy minimizing extension into the interior. Some
works deal with adaptive methods and a-posteriori error estimation and control of
errors [11, 52, 57, 58]. Basically, one includes more scales where the errors are
estimated to be large. Other works deal with using the ideas of multiscale finite ele-
ments and domain decomposition to define better iterative solvers for the fine-scale
system [55, 65, 54, 59, 60, 41, 53]. The idea is to iterate on the fine-scale system
to convergence using multiscale ideas basically as a preconditioner or in defining
prolongation and restriction operators in multigrid.
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